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ORBIFOLD CONSTRUCTION OF HOLOMORPHIC VERTEX
OPERATOR ALGEBRAS ASSOCIATED TO INNER
AUTOMORPHISMS
CHING HUNG LAM AND HIROKI SHIMAKURA
Abstract. In this article, we construct three new holomorphic vertex operator alge-
bras of central charge 24 using the Z2-orbifold construction associated to inner auto-
morphisms. Their weight one subspaces has the Lie algebra structures D7,3A3,1G2,1,
E7,3A5,1, and A8,3A
2
2,1
. In addition, we discuss the constructions of holomorphic vertex
operator algebras with Lie algebras A5,6C2,3A1,2 and D6,5A
2
1,1
from holomorphic vertex
operator algebras with Lie algebras C5,3G2,2A1,1 and A
2
4,5
, respectively.
1. Introduction
The classification of holomorphic vertex operator algebras (VOAs) of central charge 24
is one of the fundamental problems in vertex operator algebras and mathematical physics.
In 1993, Schellekens [Sc93] obtained a partial classification by determining possible Lie
algebra structures for the weight one subspaces of holomorphic VOAs of central charge
24. There are 71 cases in his list but only 39 of the 71 cases were known explicitly at that
time. It is also an open question if the Lie algebra structure of the weight one subspace
will determine the VOA structure uniquely when the central charge is 24.
In [La11, LS12, LS15], a special class of holomorphic VOAs, called framed VOAs, of
central charge 24 were studied and classified. In particular, it was shown in [LS15] that
there exist exactly 56 holomorphic framed VOAs of central charge 24 and they are uniquely
determined by the Lie algebra structures of their weight one subspaces. On the other
hand, a Z3-orbifold theory associated to lattice VOAs has been developed by Miyamoto
[Mi13] and as an application, a holomorphic VOA whose weight one subspace has the
Lie algebra structure E6,3G
3
2,1 was constructed. By using the similar methods, several
other holomorphic VOAs have been constructed in [SS]. Recently, van Ekeren, Mo¨ller
and Scheithauer [EMS] announced that they have obtained a mathematically rigorous
proof for Schellekens’ list. They also claimed that they have established the Zn-orbifold
construction for general elements of arbitrary orders. In particular, they claimed that
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they can construct two holomorphic VOAs of central charge 24 such that their weight one
subspaces have the Lie algebras structures E6,4C2,1A2,1 and A
2
4,5. By the results and the
announcement above, there are 10 remaining Lie algebras in Schellekens’ list for which
the corresponding holomorphic VOAs of central charge 24 have not been constructed yet.
The main purpose of this article is to construct new holomorphic VOAs of central
charge 24 by using the Z2-orbifold construction associated to inner automorphisms. More
precisely, three new VOAs are constructed, and two new VOAs can be constructed from
unestablished holomorphic VOAs of central charge 24. The main theorem is the following
(see Theorems 6.9, 7.7, 8.6, 9.6 and 10.10 for details):
Theorem 1.1. (1) There exist strongly regular, holomorphic VOAs of central charge 24
with Lie algebras D7,3A3,1G2,1, E7,3A5,1 and A8,3A
2
2,1.
(2) If there exists a strongly regular, holomorphic VOA of central charge 24 with Lie
algebra C5,3G2,2A1,1, then there exists a strongly regular, holomorphic VOA of central
charge 24 with Lie algebra A5,6C2,3A1,2.
(3) If a strongly regular, holomorphic VOA of central charge 24 with Lie algebra A24,5
can be obtained by applying the Z5-orbifold construction to the lattice VOA associated
to the Niemeier lattice with root lattice A64 as in §10.1, then there exists a strongly
regular, holomorphic VOA of central charge 24 with Lie algebra D6,5A
2
1,1.
In order to prove this theorem, we choose a holomorphic VOA V and its inner auto-
morphism σh of order 2 carefully. Then, applying the Z2-orbifold construction to V and
σh, we obtain a new holomorphic VOA V˜ with the desired Lie algebra. We summarize the
Lie algebra structures of V1, (V
σh)1 and V˜1 in Table 1, where V
σh is the set of fixed-points
of σh.
Table 1. Lie algebra structures of V1, (V
σh)1 and V˜1
(Original) Lie algebra V1 (Fixed point) Lie subalgebra (V
σh)1 (New) Lie algebra V˜1
E6,3G
3
2,1 D5,3A
2
1,1A
2
1,3G2,1U(1) D7,3A3,1G2,1
D7,3A3,1G2,1 D6,3A3,1A1,1A1,3U(1) E7,3A5,1
E7,3A5,1 A7,3A
2
2,1U(1) A8,3A
2
2,1
C5,3G2,2A1,1 A4,6A1,6A1,2U(1)
2 A5,6C2,3A1,2
A24,5 A
2
3,5U(1)
2 D6,5A
2
1,1
We note that van Ekeren, Mo¨ller and Scheithauer announced that the assumption
in Theorem 1.1 (3) is true [EMS]. We also notice that a holomorphic VOA with Lie
algebra C5,3G2,2A1,1 would be constructed by using Z6-orbifold theory to the lattice VOA
associated to the Niemeier lattice with root lattice E46 , which will be discussed in our
future article.
2
By the result in this article, there are remaining 5 cases in Schellekens’ list which have
not been constructed yet. The corresponding Lie algebras have the type C4,10, D4,12A2,6,
A6,7, F4,6A2,2, and C5,3G2,2A1,1.
Let us explain our construction in more detail. First, we recall the Z2-orbifold con-
struction associated to an inner automorphism. Let V be a strongly regular, holomorphic
VOA and let h ∈ V1. Assume that h(0) is semisimple on V and the associated inner auto-
morphism σh = exp(−2π
√−1h(0)) of V has order 2. Using Li’s ∆-operator introduced in
[Li96], we construct the (unique) irreducible σh-twisted V -module V
(h) explicitly. It was
shown in [DLM96] that V ⊕ V (h) has an abelian intertwining algebra structure. Hence
one can see that the subspace V˜ = V σh⊕ (V (h))Z has a VOA structure as a simple current
extension of V σh , where V σh is the set of fixed-points of σh and (V
(h))Z is the subspace
of V (h) with integral L(0)-weights. If V and h satisfy some conditions (see Theorem 5.4
for detail), then V˜ is of CFT-type. By a similar argument as in [Li97], we see that V˜ is
C2-cofinite and holomorphic. In addition, we prove that the Lie algebras V1 and V˜1 share
a common Cartan subalgebra under some assumptions.
Next we check that our choices of V and h fit the Z2-orbifold construction above. Let
V be a strongly regular, holomorphic VOA of central charge 24 such that the Lie algebra
structure of V1 is one of the Lie algebra structures in column one of Table 1. Then we can
easily find h ∈ V1 so that (V σh)1 has the Lie subalgebra structure in the corresponding
column two in Table 1 and h satisfies the necessary conditions. Clearly, the order of σh
on V1 is 2; however, we shall show that the order of σh on V is 2, also. For this purpose,
we consider the subVOA U generated by V1, which is a full subVOA of V ([DM04a]). It
suffices to show that the order of σh is 2 on every irreducible U -submodule of V . Recall
that U is the tensor product of simple affine VOAs Lgi(ki, 0) associated with simple Lie
algebras gi at positive integral levels ki ([DM06a]). Hence any irreducible U -module is
the tensor product of irreducible Lgi(ki, 0)-modules, which are classified in [FZ92]. Since
the L(0)-weights of V are integral, there are not so many possibilities for irreducible U -
submodules of V . We can check that the order of σh is 2 for each possibility. Hence σh is
of order 2 on V . Unfortunately, this argument does not work for the case (3) of Theorem
1.1. For this case, we directly check this assertion by using the explicit description of the
lattice VOA and its irreducible σh-twisted module ([Le85, DL96]).
Finally, we explain how to determine the Lie algebra structure of V˜1. A key tool is the
dimension formula mentioned in [Mo94]. We prove it by the following way: We check
that the character of V σh converges to a modular function of weight 0 on the congruence
subgroup Γ0(2), and we express it as a Laurent polynomial of a Hauptmodul of Γ0(2).
Substituting it to certain equations about the characters of V , V˜ and V σh and comparing
some coefficients of the q-expansions, we obtain the formula. By this formula, dim V˜1 can
3
be determined by dim(V (h))1/2. Indeed, in all our cases, (V
(h))1/2 = 0. It follows from
the dimension formula directly or by establishing that (M (h))1/2 = 0 for each possible
irreducible U -submodule M of V . In the case (3) of Theorem 1.1, we also check it
directly. By [DM04a], V˜1 is semisimple, and the ratio of the dual Coxeter number and
the level for every simple ideal of V˜1 is determined by dim V˜1. By using the fact that V1
and V˜1 share a common Cartan subalgebra H, any simple Lie subalgebra of V˜1 spanned
by weight vectors for H is contained in a unique simple ideal of V˜1, and the level of the
simple ideal can be determined. For example, any simple ideal of (V σh)1 (cf. Table 1) is
spanned by weight vectors for H since σh is an inner automorphism. Thus we have enough
data of V˜1 to determine its Lie algebra structure in each case.
The organization of the article is as follows. In Section 2, we recall some preliminary
results about strongly regular, holomorphic VOAs. In Section 3, we recall the definition
of Li’s ∆-operator and the associated construction of the σh-twisted module for h ∈ V1.
We also discuss some basic properties of simple affine VOAs and their twisted modules
constructed by the ∆-operator. In Section 4, we prove the dimension formula for the Z2-
orbifold construction associated to an inner automorphism. In Section 5, we discuss the
Z2-orbifold construction associated to inner automorphisms. We also discuss some prop-
erties of the resulting VOAs. In Sections 6,7 and 8, we apply the construction successively
and obtain three holomorphic VOAs of central charge 24 with Lie algebras D7,3A3,1G2,1,
E7,3A5,1, and A8,3A
2
2,1. Finally, in Sections 9 and 10, we will discuss the constructions of
holomorphic VOAs of central charge 24 with Lie algebras A5,6C2,3A1,2 and D6,5A
2
1,1 from
holomorphic VOAs with Lie algebras C5,3G2,2A1,1 and A
2
4,5 using the similar methods,
respectively.
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Notations
(·|·) the normalized Killing form on a semisimple Lie algebra
so that (α|α) = 2 for long roots α.
〈·|·〉 the normalized symmetric invariant bilinear form on a VOA
so that 〈1|1〉 = −1, equivalently, 〈a|b〉1 = a(1)b for a, b ∈ V1.
a
(h)
(n) the n-th mode of an element a ∈ V on the σh-twisted V -module M (h).
αi a simple root of a root system.
Eα a root vector in a simple Lie algebra with respect to root α.
h∨ the dual Coxeter number of a simple Lie algebra.
h(0) the subspace of fixed-points of τ0 in h = C⊗Z N(A64).
θ the highest root with respect to a fixed set of simple roots.
L(0) the weight operator ω(1).
L(h)(0) the weight operator ω
(h)
(1) on a σh-twisted module M
(h).
Lg(k, 0) the simple affine VOA associated with simple Lie algebra g at level k.
Lg(k, λ) the irreducible Lg(k, 0)-module with highest weight λ.
Λi the fundamental weight with respect to simple root αi.
M (h) the σh-twisted V -module constructed from a V -module M by Li’s ∆-operator.
N = N(A64) a Niemeier lattice with root lattice A
6
4.
Π(λ,Xn) the set of all weights of the irreducible module with highest weight λ
over the simple Lie algebra of type Xn.
ρ half of the sum of all positive roots.
σh the inner automorphism exp(−2pi
√−1h(0)) of a VOA V associated to h ∈ V1.
τ0 the order 5 automorphism of the lattice VOA VN(A64) defined in §10.1.
Spec h(0) the set of spectra of h(0) for a semisimple element h ∈ V1.
U(1) a 1-dimensional abelian Lie algebra.
V σh the set of fixed-points of σh, which is a full subVOA of V .
Xn (the type of) a root system, a simple Lie algebra or a root lattice.
Xn,k (the type of) a simple Lie algebra whose type is Xn and level is k.
2. Preliminary
In this section, we will review some fundamental results about VOAs.
2.1. Vertex operator algebras. Throughout this article, all VOAs are defined over the
field C of complex numbers. We recall the notion of vertex operator algebras (VOAs) and
modules from [Bo86, FLM88, FHL93].
A vertex operator algebra (VOA) (V, Y,1, ω) is a Z-graded vector space V =
⊕
m∈Z Vm
equipped with a linear map
Y (a, z) =
∑
i∈Z
a(i)z
−i−1 ∈ (End(V ))[[z, z−1]], a ∈ V
5
and the vacuum vector 1 and the conformal vector ω satisfying a number of conditions
([Bo86, FLM88]). We often denote it by V . For a ∈ V and n ∈ Z, we often call a(n) the
n-th mode of a. Note that L(n) = ω(n+1) satisfy the Virasoro relation:
[L(m), L(n)] = (m− n)L(m+n) + 1
12
(m3 −m)δm+n,0c idV ,
where c is a complex number, called the central charge of V .
A linear automorphism of V is called an automorphism of V if it satisfies
gω = ω and gY (v, z) = Y (gv, z)g for all v ∈ V.
A vertex operator subalgebra (or a subVOA) is a graded subspace of V which has a structure
of a VOA such that the operations and its grading agree with the restriction of those of
V and that they share the vacuum vector. When they also share the conformal vector,
we will call it a full subVOA. For an automorphism g of a VOA V , let V g denote the set
of fixed-points of g. Clearly V g is a full subVOA of V .
An (ordinary) V -module (M,YM) is a C-graded vector space M =
⊕
m∈CMm equipped
with a linear map
YM(a, z) =
∑
i∈Z
a(i)z
−i−1 ∈ (End(M))[[z, z−1]], a ∈ V
satisfying a number of conditions ([FHL93]). We often denote it by M . For an automor-
phism g of V , we also consider a g-twisted V -module. For the detail, see [Li96, DLM00]
and references therein. Note that a g-twisted V -module is an (untwisted) V g-module.
The L(0)-weight of a homogeneous vector v ∈ Mk is k, where L(0) = ω(1). Note that
L(0)v = kv if v ∈Mk.
A VOA is said to be rational if any module is completely reducible. A rational VOA
is said to be holomorphic if it itself is the only irreducible module up to isomorphism. A
VOA is said to be of CFT-type if V0 = C1 (note that Vn = 0 for all n < 0 if V0 = C1
[DM06b, Lemma 5.2]), and is said to be C2-cofinite if the codimension in V of the subspace
spanned by the vectors of form u(−2)v, u, v ∈ V , is finite. A module is said to be self-dual
if its contragredient module is isomorphic to itself. It is obvious that a holomorphic VOA
is simple and self-dual. A VOA is said to be strongly regular if it is rational, C2-cofinite,
self-dual and of CFT-type.
Let V be a VOA of CFT-type. Then, the 0-th mode gives a Lie algebra structure on
V1. Moreover, the n-th modes v(n), v ∈ V1, n ∈ Z, define an affine representation of the
Lie algebra V1 on V . For a simple algebra a of V1, the level of a is defined to be the scalar
by which the canonical central element acts on V as the affine representation. When the
type of the root system of a is Xn and the level of a is k, we denote the type of a by Xn,k.
Assume that V is self-dual. Then there exists a symmetric invariant bilinear form 〈·|·〉 on
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V , which is unique up to scalar ([Li94]). We normalize it so that 〈1|1〉 = −1. Then for
a, b ∈ V1, we have 〈a|b〉1 = a(1)b. For an element a ∈ V1, exp(a(0)) is an automorphism
of V , called an inner automorphism. For a semisimple element h ∈ V1, we often consider
the inner automorphism σh = exp(−2π
√−1h(0)) associated to h.
Assume that V1 is semisimple. Let H be a Cartan subalgebra of V1. Let (·|·) be the
Killing form on V1. We identify H
∗ with H via (·|·) and normalize (·|·) so that (α|α) = 2 for
any long root α ∈ H. In this article, weights for H are defined via (·|·), that is, the weight
of a vector v ∈ V for H is λ ∈ H if x(0)v = (x|λ)v for all x ∈ H. Remark that for h ∈ H,
σh acts on a vector with weight λ as the scalar multiple by exp(−2π
√−1(h|λ)). The
following lemma is immediate from the commutator relations of n-th modes (cf. [DM06a,
(3.2)]).
Lemma 2.1. If the level of a simple algebra of V1 is k, then 〈·|·〉 = k(·|·) on it.
Let us recall some results related to the Lie algebra V1.
Proposition 2.2 ([DM06a, Theorem 1.1, Corollary 4.3]). Let V be a strongly regular,
simple VOA. Then V1 is reductive. Let s be a simple Lie subalgebra of V1. Then V is an
integrable module for the affine representation of s on V , and the subVOA generated by s
is isomorphic to the simple affine VOA associated with s at positive integral level.
Proposition 2.3 ([DM04b, Theorem 1] and [Ma14, Section 3.3]). Let V be a strongly
regular, simple VOA and let M be a V -module. Then for any element x in a Cartan
subalgebra of V1, the 0-th mode x(0) acts semisimply on M .
Proposition 2.4 ([DM04a, (1.1), Theorem 3 and Proposition 4.1]). Let V be a strongly
regular, holomorphic VOA of central charge 24. If the Lie algebra V1 is neither {0} nor
abelian, then V1 is semisimple, and the conformal vectors of V and the subVOA generated
by V1 are the same. In addition, for any simple ideal of V1 at level k, the identity
h∨
k
=
dimV1 − 24
24
holds, where h∨ is the dual Coxeter number.
3. ∆-operator, simple affine VOAs and twisted modules
In this section, we recall the twisted module constructed by Li’s ∆-operator. Moreover,
we discuss the lowest L(0)-weight of such a twisted module over simple affine VOAs.
3.1. Twisted modules constructed by Li’s ∆-operator. Let V be a vertex operator
algebra of CFT-type. Let σ be a finite order automorphism of V and let h ∈ V1 with
σ(h) = h. We assume that h(0) acts semisimply on V and that there exists a positive
integer T ∈ Z>0 such that Spec h(0), the set of spectra of h(0) on V , is contained in
7
(1/T )Z. Then σh = exp(−2π
√−1h(0)) is an automorphism of V with σTh = 1. Note that
σσh = σhσ since σ(h) = h.
Let ∆(h, z) be Li’s ∆-operator defined in [Li96], i.e.,
∆(h, z) = zh(0) exp
( ∞∑
n=1
h(n)
−n (−z)
−n
)
.
Proposition 3.1 ([Li96, Proposition 5.4]). Let σ be an automorphism of V of finite order
and let h ∈ V1 be as above such that σ(h) = h. Let (M,YM) be a σ-twisted V -module and
define (M (h), YM (h)(·, z)) as follows:
M (h) = M as a vector space;
YM (h)(a, z) = YM(∆(h, z)a, z) for any a ∈ V.
Then (M (h), YM (h)(·, z)) is a σhσ-twisted V -module. Furthermore, if M is irreducible, then
so is M (h).
For a σ-twisted V -module M and a ∈ V , we denote by a(h)(i) the operator which corre-
sponds to the coefficient of z−i−1 in YM (h)(a, z), i.e.,
YM (h)(a, z) =
∑
i∈Z
a
(h)
(i) z
−n−1 for a ∈ V.
Now we will review the action of some elements of V on the σhσ-twisted V -module
M (h). The 0-th mode of an element x ∈ V1 on M (h) is given by
(3.1) x
(h)
(0) = x(0) + 〈h|x〉id.
Let us denote by L(h)(n) the (n + 1)-th mode of the conformal vector ω ∈ V on M (h).
Then the L(0)-weights on M (h) are given by
(3.2) L(h)(0) = L(0) + h(0) +
〈h|h〉
2
id.
The following lemma is immediate from the equation above.
Lemma 3.2. Let M be a σ-twisted V -module whose L(0)-weights are half-integral. Let
h ∈ V1 such that h(0) is semisimple on M and 〈h|h〉 ∈ Z. Assume that the spectra of h(0)
on M are half-integral. Then the L(0)-weights of the σhσ-twisted V -module M
(h) are also
half-integral.
3.2. Simple affine VOAs and irreducible twisted modules. In this subsection, we
recall some properties of simple affine VOAs and their modules from [Ka90, FZ92]. More-
over, we study σh-twisted modules constructed by Li’s ∆-operator.
Let g be a simple Lie algebra with Cartan subalgebra H. Let Φ be the set of roots of g.
Let (·|·) be the Killing form on g. We identify H∗ with H by (·|·) and normalize the form
so that (α|α) = 2 for any long root α ∈ Φ. Let {αi | 1 ≤ i ≤ n} ⊂ H be a set of simple
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roots and {Λi | 1 ≤ i ≤ n} ⊂ H the set of the fundamental weights so that 2(Λj |αi)(αi|αi) = δij.
For every β ∈ Φ, fix a root vector Eβ in g associated to β.
Let V = Lg(k, 0) be the simple affine VOA associated with g at positive integral level
k. It was proved in [FZ92] that all irreducible V -modules are given by Lg(k, λ), where λ
ranges over dominant integral weights with (θ|λ) ≤ k for the highest root θ. By [Ka90,
Corollary 12.8], the lowest L(0)-weight of Lg(k, λ) is given by
(3.3)
(λ+ 2ρ|λ)
2(k + h∨)
,
where ρ =
∑n
i=1 Λi and h
∨ is the dual Coxeter number. The following facts on Lg(k, λ) is
well-known.
Lemma 3.3 ([FZ92, §2]). Let ℓ be the lowest L(0)-weight of Lg(k, λ). Then the following
hold:
(1) Lg(k, λ)ℓ is an irreducible g-module with highest weight λ, where V1 ∼= g via the 0-th
mode;
(2) Let v ∈ Lg(k, λ)ℓ. Then the L(0)-weight of Eβ1(−n1) . . . Eβm (−nm)v is ℓ+
∑m
j=1 nj;
(3) Lg(k, λ) is spanned by
{Eβ1(−n1) . . . Eβm (−nm)v | βi ∈ Φ, ni ∈ Z>0, m ∈ Z≥0, v ∈ Lg(k, λ)ℓ}.
From now on, let h be an element in H with Spec h(0) ⊂ (1/T )Z on V for some T ∈ Z>0.
Note that h ∈ ⊕ni=1Qαi and that the restriction of the normalized Killing form (·|·) to⊕n
i=1Qαi is positive-definite. In addition, we assume
(3.4) (h|α) ≥ −1 for all α ∈ Φ.
Lemma 3.4. Let M be a V -module. Let v be a vector in M (h) with L(0)-weight p,
i.e., L(h)(0)v = pv. Let u = Eβ1 (−n1) . . . Eβm (−nm)v ∈ M (h) be a non-zero vector, where
ni ∈ Z>0. Then u is a homogeneous vector in M (h) and its L(0)-weight is greater than
or equal to p. Moreover the equality holds if and only if ni = 1 and (h|βi) = −1 for all
1 ≤ i ≤ m.
Proof. By (3.2) and [L(h)(0), Eβ(−n)] = (n + (h|β))id, we have
L(h)(0)u =
(
m∑
i=1
(ni + (h|βi)) + p
)
u.
By the assumption (3.4), ni+ (h|βi) ≥ 0 for all i, and hence the L(0)-weight of u in M (h)
is greater than or equal to p. The latter assertion is obvious. 
Lemma 3.5. The lowest L(0)-weight of the irreducible σh-twisted V -module Lg(k, λ)
(h) is
non-negative. If the lowest L(0)-weight of Lg(k, λ)
(h) is 0, then λ = kΛj and h = −Λj for
some fundamental weight Λj, or λ = h = 0.
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Proof. Let v be a lowest L(0)-weight vector in Lg(k, λ) with weight µ ∈ H. By Lemmas
3.3 (3) and 3.4, we may assume that v has also the lowest L(0)-weight in Lg(k, λ)
(h). If
λ = 0, then v ∈ C1 and µ = 0, which proves the assertion by (3.2). We assume that
λ 6= 0. By Lemma 2.1, 〈h|h〉 = k(h|h). Hence by (3.2), the L(0)-weight of v in Lg(k, λ)(h)
is
(3.5)
(λ+ 2ρ|λ)
2(k + h∨)
+ (h|µ) + k(h|h)
2
,
which is equal to the lowest L(0)-weight of Lg(k, λ)
(h). Applying 2k(λ|ρ) ≥ h∨(λ|λ)
([Ka90, Theorem 13.11]) and (λ|λ) ≥ (µ|µ) ([Ka90, Proposition 11.4]) to (3.5), we see
that the lowest L(0)-weight of Lg(k, λ)
(h) is non-negative since
(3.6)
(λ+ 2ρ|λ)
2(k + h∨)
+ (h|µ) + k(h|h)
2
≥ (µ|µ)
2k
+ (h|µ) + k(h|h)
2
=
(µ+ kh)2
2k
≥ 0.
If the L(0)-weight of v in Lg(k, λ)
(h) is 0, then the all equalities hold in (3.6). The former
equality holds if and only if µ = λ = kΛj for some fundamental weight Λj, and the latter
equality holds when µ+ kh = 0. Combining them, we obtain λ = kΛj and h = −Λj. 
Lemma 3.6. Let Xn be the type of the simple Lie algebra g. The lowest L(0)-weight of
Lg(k, λ)
(h) is equal to
(3.7)
(λ+ 2ρ|λ)
2(k + h∨)
+ min{(h|µ) | µ ∈ Π(λ,Xn)}+ k(h|h)
2
,
where Π(λ,Xn) is the set of all weights for H of the irreducible module with the highest
weight λ over the simple Lie algebra of type Xn.
Proof. By Lemmas 3.3 (3) and 3.4, it suffices to consider the lowest L(h)(0)-weight of the
lowest L(0)-weight space of Lg(k, λ). Hence, this lemma follows from (3.5) and Lemma
3.3 (1). 
Later, we will use the following lemma:
Lemma 3.7. Let v be a vector in Lg(k, λ) with weight µ for H. Then v is also a weight
vector in Lg(k, λ)
(h) for H and its weight is µ+ kh.
Proof. This lemma follows from (3.1) and Lemma 2.1. 
3.3. Lowest L(0)-weight of a twisted module. In this subsection, we give a sufficient
condition so that the lowest L(0)-weight of the σh-twisted V -module V
(h) is positive.
Proposition 3.8. Let V be a strongly regular, simple VOA. Assume that the Lie algebra
g = V1 is semisimple. Let g =
⊕t
i=1 gi be the decomposition into the direct sum of t simple
ideals gi. Let U be the subVOA of V generated by V1. Let h be an element in a (fixed)
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Cartan subalgebra H of g such that Spec h(0) ⊂ (1/T )Z on V for some T ∈ Z>0. Let hi be
the image of h under the canonical projection from H to H ∩ gi. We further assume that
(1) the conformal vectors of V and U are the same, i.e., U is a full subVOA of V ;
(2) (h|α) ≥ −1 for all roots α ∈ H of g, where (·|·) is the normalized Killing form on g
so that (β|β) = 2 for any long root β;
(3) for some i, −hi is not a fundamental weight.
Then the lowest L(0)-weight of V (h) is positive.
Proof. By Proposition 2.2, there exist ki ∈ Z>0 such that U ∼=
⊗t
i=1 Lgi(ki, 0) as VOAs.
Moreover, by (1) and the rationality of U , V is a direct sum of finitely many irreducible
U -submodules.
Let M be an irreducible U -submodule of V . It suffices to show that the lowest L(0)-
weight of M (h) is positive. It follows from U ∼=⊗ti=1 Lgi(ki, 0) that M ∼=⊗ti=1 Lgi(ki, λi)
for some dominant integral weight λi of gi (cf. [FZ92]). Let ωi be the conformal vector of
Lgi(ki, 0) and let Lgi(0) = (ωi)(1). Since h =
∑t
i=1 hi, we have
L(h)(0) =
t∑
i=1
L(hi)gi (0).
Clearly, (2) shows that the assumption (3.4) holds for gi and hi. Hence by Lemma 3.5
the lowest Lgi(0)-weight of Lgi(ki, λi)
(hi) is non-negative, and by (3), it is positive for at
least one i. Thus the lowest L(0)-weight of M (h) is positive. 
4. Dimension formula associated to the Z2-orbifold construction
In this section, we prove the dimension formula mentioned in [Mo94], which will play
important roles in determining the Lie algebra structures of holomorphic VOAs.
4.1. Characters and trace functions. Let U =
⊕∞
n=0 Un be a VOA of central charge
c. Let f be an automorphism of U of finite order T . Let W =
⊕∞
n=0Wλ+n/T be an
irreducible U -module or an irreducible f -twisted U -module, where λ ∈ C. The character
of W is defined by the formal series
ZW (q) = q
λ−c/24
∞∑
n=0
dimWnq
n/T ,
and the trace function of f on U is defined by the formal series
ZU(f, q) = q
−c/24
∞∑
n=0
Tr f |Unqn,
where q is a formal variable.
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Now, we assume that U is strongly regular and consider ZW (q) and ZU(f, q) less for-
mally. Take q to be the usual local parameter at infinity in the upper half-plane
H = {τ ∈ C | Im(τ) > 0},
i.e, q = e2π
√−1τ . Since U is strongly regular, ZW (q) and ZU(f, q) converge to holomorphic
functions in H ([Zh96, Theorem 4.4.1] and [DLM00, Theorem 1.3]). We often denote
ZW (q) and ZU(f, q) by ZW (τ) and ZU(f, τ), respectively.
4.2. Montague’s dimension formula. Let V be a strongly regular, holomorphic VOA
of central charge 24. Let g be an inner automorphism of V of order 2. Note that
g = exp(−2π√−1h(0)) for some semisimple element h ∈ V1. It was proved in [DLM00,
Theorem 1.2] that V possesses a unique irreducible g-twisted V -module V (g) up to iso-
morphism.
Let S =
(
0 −1
1 0
)
and T =
(
1 1
0 1
)
be the standard generators of SL(2,Z). Notice
that A =
(
a b
c d
)
∈ SL(2,Z) acts on H by A : τ 7→ aτ + b
cτ + d
. By [Zh96, Theorem 5.3.3],
ZV (Aτ) = ZV (τ) for all A ∈ SL(2,Z). Since g is an inner automorphism, we can apply
[KM12, Theorem 1.4] to our setting and obtain
(A1) ZV (g, Sτ) = ZV (g)(τ).
In this section, we also assume the following:
(A2) ZV (g)(τ) ∈ q−1/2Z[[q1/2]], i.e., the L(0)-weights of V (g) are positive half-integral.
Note that (A2) holds if 〈h|h〉 ∈ Z and the assumptions of Proposition 3.8 hold.
Recall that V g is a subVOA of V , which is the set of fixed-points of g.
Proposition 4.1. The character ZV g(q) of V
g converges to a holomorphic function in H.
Moreover, it is a modular function of weight 0 on the congruence subgroup Γ0(2).
Proof. By definition, we obtain
(4.1) ZV g(q) =
1
2
(ZV (q) + ZV (g, q)) .
Since both ZV (q) and ZV (g, q) converge to holomorphic functions in H, so does ZV g(q).
We denote the holomorphic function in (4.1) by ZV g(τ). Next we will show that
ZV g(Aτ) = ZV g(τ) for all A ∈ Γ0(2).
It is well-known (e.g. see [Ap90, Theorem 4.3]) that Γ0(2) is generated by T and ST
2S−1.
It follows from ZV g(q) ∈ q−1Z[[q]] that
(4.2) ZV g(Tτ) = ZV g(τ).
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In addition, by (A2),
(4.3) ZV (g)(T
2τ) = ZV (g)(τ).
Notice that for any A,B ∈ SL(2,Z) and a meromorphic function f(τ) in H, we have
f(ABτ) = g(Bτ) where g(τ) = f(Aτ) is a meromorphic function in H. By (A1), (4.2)
and (4.3) , we have
ZV (g, ST
2S−1τ) = ZV (g)(T 2S−1τ) = ZV (g)(S−1τ) = ZV (g, τ).
Hence
ZV g(ST
2S−1τ) =
1
2
(
ZV (ST
2S−1τ) + ZV (g, ST 2S−1τ)
)
=
1
2
(ZV (τ) + ZV (g, τ)) = ZV g(τ)
and ZV g(τ) is invariant under Γ0(2).
In order to complete the proof, it suffices to check that ZV g(τ) is meromorphic at
cusps of Γ0(2). It is well-known (e.g. see [Ha10, Proposition 1.23]) that Γ0(2) has two
cusps, represented by i∞ and 0. It is clear that ZV g(τ) is meromorphic at i∞ since
ZV g(q) ∈ q−1Z[[q]]. By (A1) and (4.1), we have
ZV g(Sτ) =
1
2
(
ZV (τ) + ZV (g)(τ)
)
and this function belongs to q−1Z[[q1/2]] by (A2). Since S sends i∞ to 0, the function
ZV g(τ) is meromorphic at 0. 
Let V (g)Z be the subspace of V (g) with integral L(0)-weights and set V˜ = V
g⊕V (g)Z.
We now assume that V˜ has a strongly regular, holomorphic VOA structure. Note that
(4.4) ZV˜ (τ) = ZV g(τ) + ZV (g)Z(τ).
First, we prove the following equation, which was already mentioned in [Mo94, (8)]:
Proposition 4.2.
ZV (τ) + ZV˜ (τ) = ZV g(τ) + ZV g(Sτ) + ZV g(STτ).
Proof. By definition,
(4.5) ZV g(τ) =
1
2
(ZV (τ) + ZV (g, τ)) .
Since V is holomorphic, ZV (τ) is invariant under the action of SL(2,Z). Hence, by (A1),
we obtain
(4.6) ZV g(Sτ) =
1
2
(
ZV (τ) + ZV (g)(τ)
)
.
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It follows from ZV (Tτ) = ZV (τ) that
(4.7) ZV g(STτ) =
1
2
(
ZV (τ) + ZV (g)(Tτ)
)
.
On the other hand, by (A2), we have
(4.8) ZV (g)Z(τ) =
1
2
(
ZV (g)(τ) + ZV (g)(Tτ)
)
.
Thus by (4.4), (4.6), (4.7) and (4.8), we have
ZV g(τ) + ZV g(Sτ) + ZV g(STτ) = ZV g(τ) + ZV (τ) +
1
2
(
ZV (g)(τ) + ZV (g)(Tτ)
)
= ZV (τ) + ZV˜ (τ).

We now prove the following dimension formula described in [Mo94, (10),(11)].
Theorem 4.3. The following equations hold:
(1) dimV (g)1/2 =
dim(V g)2 − 98580
211
;
(2) dimV1 + dim V˜1 = 3dim(V
g)1 + 24(1− dimV (g)1/2).
Proof. It is well-known (e.g. see [Ha10, Exercise 3.18]) that a hauptmodul for Γ0(2) is
given by
f(τ) :=
η(τ)24
η(2τ)24
= q−1 − 24 +
(
24
2
)
q + · · · ,
where η(τ) = q1/24
∏∞
n=1(1 − qn), q = e2π
√−1τ , is the Dedekind eta function. By Lemma
4.1, ZV g(τ) is a modular function of weight 0 on Γ0(2) and holomorphic inH. In particular,
ZV g(τ) is a rational function of f(τ). In addition, since the set of all cusps of Γ0(2) is
{0, i∞} and that f(τ) → 0 as τ → 0 (see (4.9) below), ZV g(τ) is a Laurent polynomial
of f(τ), i.e.,
ZV g(τ) =
∑
n∈Z
cnf
n(τ),
where only finitely many coefficients cn ∈ C are non-zero. It follows from ZV g(τ) ∈
q−1 + Z[[q]] that cn = 0 if n > 1, and c1 = 1. Since η(Sτ) = (−iτ)1/2η(τ), we have
f(Sτ) = 212
η(τ)24
η(τ/2)24
= 212
(
q1/2 + 24q + · · · ) ,(4.9)
f−1(Sτ) =
1
212
η(τ/2)24
η(τ)24
=
1
212
(
q−1/2 − 24 +
(
24
2
)
q1/2 + · · ·
)
,(4.10)
f−2(Sτ) =
1
224
η(τ/2)48
η(τ)48
=
1
224
(
q−1 − 48q−1/2 +
(
48
2
)
+ · · ·
)
,(4.11)
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which shows that fn(Sτ) ∈ qn/2Q[[q1/2]]. By (4.6) and the assumption (A2), we have
ZV g(Sτ) ∈ 12q−1 + q−1/2Z[[q1/2]]. Hence cn = 0 if n < −2, and c−2 = 223. Thus
(4.12) ZV g(τ) = f(τ) + c0 + c−1f−1(τ) + 223f−2(τ) = q−1 + dim(V g)1 + · · · .
Comparing the constant terms of the equation above, we have
(4.13) dim(V g)1 = c0 − 24.
By (4.9), (4.10), (4.11) and (4.12), we have
ZV g(Sτ) =
1
2
q−1 +
(c−1
212
− 24
)
q−1/2 +
(
c0 − 24c−1
212
+
1
2
(
48
2
))
+ · · · .
Hence, comparing the coefficients of q−1/2 in (4.6), we have
(4.14)
c−1
212
− 24 = 1
2
dimV (g)1/2.
Combining (4.12) and (4.14) and comparing the coefficients of q, we obtain
dim(V g)2 =
(
24
2
)
+ 211 dimV (g)1/2 + 24× 212,
which is equivalent to the equation (1).
Note that T (qn/2) = (−1)nqn/2 for n ∈ Z. Comparing the constant terms of both sides
of the equation in Proposition 4.2, we obtain
dim V1 + dim V˜1 = dim(V
g)1 + 2
(
c0 − 24c−1
212
+
1
2
(
48
2
))
.
Hence by (4.13) and (4.14), we obtain the equation (2). 
5. Z2-orbifold construction associated to inner automorphisms
In this section, we establish the Z2-orbifold construction of holomorphic VOAs associ-
ated to inner automorphisms based on [DLM96].
Let us recall the setting of [DLM96, §3]. Let V be a strongly regular, holomorphic VOA.
Then V1 is a reductive Lie algebra by Proposition 2.2. Let h ∈ V1 such that 〈h|h〉 ∈ Z and
h(0) is semisimple on V . We further assume that Spec h(0) ⊂ Z/2 on V but Spec h(0) 6⊂ Z
on V . Then σh = exp(−2π
√−1h(0)) ∈ Aut V is of order 2.
Set L = Zh. For r ∈ Z and ν ∈ Ch, we set
V (rh,ν) := {v ∈ V (rh) | h(rh)(0) v = 〈h|rh+ ν〉v},
and we set P = {ν ∈ Ch | V (0,ν) 6= 0}. Since V is simple, there exists s ∈ Qh such that
P = Zs. It follows from |σh| = 2 that 〈h|s〉 ∈ Z+ 1/2. For i, j ∈ {0, 1}, we set
U (ih,js) :=
⊕
β∈2P+js
V (ih,β).
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Note that
U (0,0) = V σh = {v ∈ V | σh(v) = v}, U (h,0) = (U (0,0))(h),
U (0,s) = {v ∈ V | σh(v) = −v}, U (h,s) = (U (0,s))(h)
(5.1)
and that
V = U (0,0) ⊕ U (0,s), V (h) = U (h,0) ⊕ U (h,s).
Let (V (h))Z be the subspace of V
(h) with integral L(0)-weights. By (3.2), we have
(V (h))Z =
⊕
n∈Z
(V (h))n =

U
(h,0) if 〈h|h〉 ∈ 2Z,
U (h,s) if 〈h|h〉 ∈ 2Z+ 1.
(5.2)
Since V is strongly regular, so is U (0,0)(= V σh) by [Mi, Mi15]. In addition, by [DM97],
U (0,0) is simple, and U (0,s) is an irreducible U (0,0)-module. For ν ∈ {0, s} it follows from
(U (0,ν))(h) = U (h,ν) and Proposition 3.1 that U (h,ν) is an irreducible U (0,0)-module. The
following classification of irreducible U (0,0)-modules is a consequence of [Mi, Mi15]:
Proposition 5.1. There exist exactly 4 non-isomorphic irreducible U (0,0)-modules U (ih,js),
i, j ∈ {0, 1}.
5.1. Simple current modules. In this subsection, we prove that irreducible U (0,0)-
modules, U (ih,js), i, j ∈ {0, 1}, are simple current modules using the Verlinde formula
proved in [Hu08]. By (4.6), we have
ZU (0,0)(Sτ) =
1
2
(ZU (0,0)(τ) + ZU (0,s)(τ) + ZU (h,0)(τ) + ZU (h,s)(τ)) .
Since ZU (0,s)(τ) = ZV (τ)− ZU (0,0)(τ), we have
ZU (0,s)(Sτ) =
1
2
(ZU (0,0)(τ) + ZU (0,s)(τ)− ZU (h,0)(τ)− ZU (h,s)(τ)) .
Let S = (SP,Q) be the S-matrix indexed by U
(0,0), U (0,s), U (h,0), U (h,s). Note that S is
symmetric and S2 is the permutation matrix which sends an irreducible U (0,0)-module to
its contragredient module. By the S-transformations above , we have
S =
1
2


1 1 1 1
1 1 −1 −1
1 −1 a −a
1 −1 −a a

 ,
where a = 1 or −1. In particular, S2 is the identity matrix, which shows that any
irreducible U (0,0)-module is self-dual. By the Verlinde formula, we have the fusion rules
NQP,P =
∑
i,j∈{0,1}
S2
PU (ih,js)
SU (ih,js)Q
SU (0,0)U (ih,js)
=
∑
i,j∈{0,1}
SU (ih,js)Q.
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Hence NQP,P 6= 0 if and only if Q = U (0,0), and NU
(0,0)
P,P = 1 for P = U
(ih,js), i, j ∈ {0, 1}.
Thus we have the following proposition:
Proposition 5.2. For i, j ∈ {0, 1}, U (ih,is) is a self-dual simple current U (0,0)-module.
5.2. Z2-orbifold construction associated to inner automorphisms. In this subsec-
tion, we prove the following proposition by using the results in [DLM96, Section 3].
Proposition 5.3. The V σh-module V˜ = V σh ⊕ (V (h))Z has a VOA structure as a simple
current extension of V σh graded by Z2.
Proof. By [DLM96, Theorem 3.21] U¯ = U (0,0) ⊕ U (h,0) ⊕ U (0,s) ⊕ U (h,s) is an abelian
intertwining algebra. For the notations U (ih,js) and (V (h))Z, see (5.1) and (5.2). Since the
subspace V˜ of U¯ is a V σh-module, it satisfies the axiom of a VOA except for the Jacobi
identity on (V (h))Z. Note that the generalized Jacobi identity in [DLM96, (3.88)] on U¯ is
z−10 δ
(
z1 − z2
z0
)(
z1 − z2
z0
)η((λi,α),(λj ,β))
Y¯ (u, z1)Y¯ (v, z2)w
− C¯((λi, α), (λj, β))z−10 δ
(
z2 − z1
−z0
)(
z2 − z1
z0
)η((λi,α),(λj ,β))
Y¯ (v, z2)Y¯ (u, z1)w
=z−12 δ
(
z1 − z0
z2
)(
z2 + z0
z1
)η((λi,α),(λk ,γ))
h(i, j, k)Y¯ (Y¯ (u, z0)v, z2)w,
(5.3)
where u ∈ U (λi,α), v ∈ U (λj ,β), w ∈ U (λk ,γ). We will check that the maps η(·, ·), C¯(·, ·),
h(·, ·, ·) are trivial on (V (h))Z, equivalently, (5.3) is the usual Jacobi identity of a VOA on
(V (h))Z.
First, we consider the map η : (L/2L× P/2P )× (L/2L× P/2P )→ (Z/2)/2Z defined
in [DLM96, (3.19)], where
η((λi, α), (λj, β)) = −〈λi|λj〉 − 〈λi|β〉 − 〈λj |α〉+ 2Z.
It is obvious that η ≡ 0 on {(h, 0)} (resp. {(h, s)}) if 〈h|h〉 ∈ 2Z (resp. 〈h|h〉 ∈ 2Z+ 1).
Next we consider the map C¯ : (L× P )× (L× P )→ C∗ defined in [DLM96, (3.20) and
(3.87)], where
C¯((λi, α), (λj, β)) = e
(〈λi|β〉−〈λj |α〉)π
√−1C1(α, β).
Notice that by [DLM96, Remark 3.16], C1 ≡ 1 on P since the rank of P is one. Hence
C¯ ≡ 1 on both {(h, 0)} and {(h, s)}.
Finally, we consider the map h : A¯× A¯× A¯→ C∗ defined in [DLM96, (3.83)], where
h((λi, α1), (λj, α2), (λk, α3)) = e
−(λi+λj−λi+j ,λk)π
√−1C1(λi + λj − λi+j, λk)2,
A¯ = (L×P )/{(α,−α) | α ∈ 2L} and λi+j ∈ {0, h} so that λi+j ≡ λi+ λj (mod 2L). No-
tice that A¯ is identified with {(0, α), (h, α) | α ∈ P} and U¯ is isomorphic to⊕(λ,α)∈A¯ V (λ,α)
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as a vector space. In our case, λi + λj − λi+j must be 0 or 2h, which shows that
e−(λi+λj−λi+j ,λk)π
√−1 ≡ 1. As we mentioned above, C1 ≡ 1 on P . Hence h(·, ·, ·) ≡ 1
on A¯× A¯× A¯. Thus (5.3) is the usual Jacobi identity on (V (h))Z.
By Proposition 5.2, V˜ is a simple current extension of V σh graded by Z2. 
5.3. Properties of the VOAs obtained by Z2-orbifold construction. In this sub-
section, under some assumptions, we show that the VOA V˜ constructed in Proposition
5.3 is holomorphic and strongly regular and the Lie algebras V1 and V˜1 share a common
Cartan subalgebra. In particular, the Lie ranks of V1 and V˜1 are the same.
Recall that h is a semisimple element in V1, σh ∈ Aut V is of order 2 on V and 〈h|h〉 ∈ Z.
Theorem 5.4. Assume that V1 is semisimple. Let V1 =
⊕t
i=1 gi be the decomposition of
V1 into the direct sum of t simple ideals gi. Let ki be the level of the affine representation
of gi on V . Let H be a Cartan subalgebra of V1 such that h ∈ H.
(1) Assume the following:
(a) the conformal vectors of V and the subVOA generated by V1 are the same;
(b) (h|α) ≥ −1 for all roots α of V1;
(c) for some i, −hi is not a fundamental weight for H on V , where hi is the image of
h under the canonical projection from H to H ∩ gi.
Then the VOA V˜ is of CFT-type.
(2) If V˜ is of CFT-type, then it is strongly regular and holomorphic.
(3) Assume that V˜ is strongly regular and holomorphic and that
(d) −∑ti=1 kihi is not a weight of V for H,
then H is a Cartan subalgebra of V˜1. In particular, the Lie ranks of V1 and V˜1 are the
same.
Proof. (1) By Proposition 3.8, along with the assumptions (a), (b) and (c), the lowest
L(0)-weight of (V (h))Z is greater than 0. Since V
σh is of CFT-type, so is V˜ = V σh⊕(V (h))Z.
(2) Since V σh is rational and C2-cofinite ([Mi, Mi15]), so is V˜ [Li97, Theorem 5.6]. Hence
V˜ is strongly regular. Moreover, by Proposition 5.1 and the classification of irreducible
V˜ -modules ([Li97, Theorem 5.6]), V˜ is holomorphic.
(3) By Proposition 2.2, V˜1 is reductive. Since σh acts trivially on H, (V
σh)1 contains H.
By Proposition 2.3, any element of H is semisimple in V˜1. Hence H is a toral subalgebra
of V˜1. Let us show that the centralizer z of H in V˜1 is H itself. Clearly, H ⊂ z. Let
v = v1 + v2 ∈ z, where v1 ∈ (V σh)1 and v2 ∈ (V (h))1. Since H ⊂ (V σh)1 and (V (h))1 is
a (V σh)1-module, both v1 and v2 belong to z. If v2 6= 0, then, by Lemma 3.7, v2 is also
a weight vector in V for H and its weight is −∑ti=1 kihi, which contradicts (d). Hence
v2 = 0. Since H is a Cartan subalgebra of V1 and v = v1 ∈ (V σh)1 ⊂ V1, we have v ∈ H,
and hence z ⊂ H. Thus z = H, and H is a Cartan subalgebra of V˜1. 
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The next proposition will be used to identify the Lie algebra structure of V˜1.
Proposition 5.5. Let V be a strongly regular, simple VOA. Let H be a Cartan subalgebra
of the reductive Lie algebra V1. Let s be a simple Lie subalgebra of V1 of type Xn,k. Assume
that s is spanned by weight vectors for H.
(1) There exists a unique simple ideal a of V1 such that s ⊂ a.
(2) Let Ym,k′ be the type of a in (1). If a long root of s is also a long root of a, then Xn is
contained in Ym as a root system, and k = k
′. Otherwise, Xn is contained in the root
system consisting of short roots of Ym. In particular, X = A,D, and k
′ = k/2 (resp.
k′ = k/3) if Y = B,C, F (resp. Y = G).
Proof. By the assumption, s is spanned by root vectors of V1. Let a be the ideal generated
by s. Then a is a simple ideal by the simplicity of s. The uniqueness of a follows from the
uniqueness of the decomposition of V1 into the direct sum of simple ideals and the center.
Let (·|·)s and (·|·)a be the normalized Killing forms on s and on a so that the norm of
any long root is 2, respectively. By the simplicity of s, there exists non-zero ξ ∈ C such
that
(5.4) ξ(·|·)s = (·|·)a on s.
Let α be a root of s. Let Eα and E−α be root vectors of s associated to α and −α,
respectively. By the assumption, both vectors are also root vectors of a. Then
(5.5) (Eα)(0)(E−α) = (Eα|E−α)sα = (Eα|E−α)aα′,
where α′ is the root of a corresponding to Eα. Combining (5.4) and (5.5), we obtain
α = ξα′.
Assume that α is a long root of both s and a. Then ξ = 1 by (α|α)s = (α|α)a = 2.
Thus any long root of s is also a long root of a. Clearly, the restriction of the normalized
invariant form 〈·|·〉 on V to a subVOA is also the normalized invariant form. Hence,
k = k′ since k(·|·)s = 〈·|·〉 = k′(·|·)a on s (see Lemma 2.1).
Assume that α is a long root of s and is not a long root of a. Then ξ 6= 1, and α′ = α/ξ
is a root of a. It follows from (α/ξ|α/ξ)a = (1/ξ)(α|α)s = 2/ξ 6= 2 that α/ξ is a short root
of a. Since a is simple, it contains at most two different norms of roots. Hence the norms
of roots of s are the same, and X is contained in the root system consisting of short roots
of Y . Note that X = A,D and that ξ = 2 (resp. ξ = 3) if Y = B,C, F (resp. Y = G).
By
k(α|α)s = 〈α|α〉 = k′(α|α)a = k′ξ(α|α)s,
we have k′ = k/ξ. 
19
6. Holomorphic VOA of central charge 24 with Lie algebra D7,3A3,1G2,1
In this section, applying the Z2-orbifold construction to a holomorphic VOA of cen-
tral charge 24 with Lie algebra E6,3G
3
2,1 and certain inner automorphism, we obtain a
holomorphic VOA of central charge 24 with Lie algebra D7,3A3,1G2,1.
6.1. Simple affine VOA of type E6,3. Let α1, . . . , α6 be simple roots of type E6 such
that (αi|αj) = −δj−i,1 + 2δi,j, (αp|α1) = −δp,3 + 2δp,1, (αp|α2) = −δp,4 + 2δp,2 for 3 ≤ i ≤
j ≤ 6, 1 ≤ p ≤ 6. Let {Λi | 1 ≤ i ≤ 6} be the set of the fundamental weights with respect
to {αi | 1 ≤ i ≤ 6}. Let Lg(3, 0) be the simple affine VOA associated with the simple
Lie algebra g of type E6 at level 3. There exist exactly 20 (non-isomorphic) irreducible
Lg(3, 0)-modules Lg(3, λ) with highest weight λ, which are summarized in Table 2.
Table 2. Irreducible Lg(3, 0)-modules: Case E6
Highest weight 0 Λ1, Λ6 Λ2 Λ3, Λ5 Λ4
lowest L(0)-weight 0 26/45 4/5 10/9 8/5
Highest weight Λ1 + Λ2, Λ1 + Λ3, Λ1 + Λ5, Λ1 + Λ6 2Λ1 + Λ6
Λ2 + Λ6 Λ5 + Λ6 Λ3 + Λ6 Λ1 + 2Λ6
lowest L(0)-weight 13/9 9/5 16/9 6/5 86/45
Highest weight 2Λ1,2Λ6 3Λ1,3Λ6
lowest L(0)-weight 56/45 2
One can easily verify the following lemma, which will be used later.
Lemma 6.1. For every α ∈ Π(θ, E6), i.e. root α of E6, we have ((Λ1−Λ6)/2|α) ≥ −1/2.
6.2. Simple affine VOAs of type G2,1 and G2,2. Let α1 and α2 be simple roots of
type G2 such that (α1|α1) = 2/3, (α2|α2) = 2 and (α1|α2) = −1. Let Λ1 and Λ2 be
the fundamental weights with respect to α1 and α2, respectively. Let Lg(k, 0) be the
simple affine VOA associated with the simple Lie algebra g of type G2 at level k. There
exist exactly two (resp. four) (non-isomorphic) irreducible Lg(1, 0)-modules Lg(1, λ) (resp.
Lg(2, 0)-modules Lg(2, λ)) with highest weight λ, which are summarized in Tables 3 (resp.
Table 4).
Table 3. Irreducible Lg(1, 0)-modules: Case G2
Highest weight 0 Λ1
lowest L(0)-weight 0 2/5
One can easily verify the following lemma, which will be used later.
Lemma 6.2. Let Λ = Λ2/2.
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Table 4. Irreducible Lg(2, 0)-modules: Case G2
Highest weight 0 Λ1 Λ2 2Λ1
lowest L(0)-weight 0 1/3 2/3 7/9
(1) For every α ∈ Π(θ, G2), i.e. root α of G2, we have (Λ|α) ≥ −1.
(2) For every α ∈ Π(Λ1, G2), we have (Λ|α) ≥ −1/2.
(3) For every α ∈ Π(2Λ1, G2), we have (Λ|α) ≥ −1.
6.3. Inner automorphism of a holomorphic VOA with Lie algebra E6,3G
3
2,1. Let
V be a strongly regular, holomorphic VOA of central charge 24 with Lie algebra E6,3G
3
2,1.
Note that such a VOA was constructed in [Mi13, SS]. Let V1 =
⊕4
i=1 gi be the decom-
position into the direct sum of 4 simple ideals, where the type of g1 is E6,3, and the
types of g2, g3 and g4 are G2,1. Let H be a Cartan subalgebra of V1. Then H ∩ gi is a
Cartan subalgebra of gi. Let U be the subVOA generated by V1. By Proposition 2.2,
U ∼= Lg1(3, 0)⊗Lg2(1, 0)⊗Lg3(1, 0)⊗Lg4(1, 0). Let L(λ1, λ2, λ3, λ4) denote the irreducible
U -module Lg1(3, λ1)⊗ Lg2(1, λ2)⊗ Lg3(1, λ3)⊗ Lg4(1, λ4).
Let
h =
1
2
(Λ1 − Λ6,Λ2,Λ2, 0) ∈
4⊕
i=1
hi.
Note that Λ2 = θ in gi (i = 2, 3, 4), the highest root, and that
(6.1) 〈h|h〉 = 3
4
(Λ1 − Λ6|Λ1 − Λ6)|g1 +
1
4
(Λ2|Λ2)|g2 +
1
4
(Λ2|Λ2)|g3 = 2.
Lemma 6.3. All the highest weights of irreducible U-modules L(λ1, λ2, λ3, λ4) with in-
tegral L(0)-weights are given by Table 5. In particular, for any weight (λ1, λ2, λ3, λ4) in
Table 5, we have (h|(λ1, λ2, λ3, λ4)) ∈ Z/2, that is, the spectrum of h(0) on a highest weight
vector in L(λ1, λ2, λ3, λ4) is half-integral.
Proof. An irreducible module L(λ1, λ2, λ3, λ4) has integral L(0)-weights if and only if the
sum of the lowest L(0)-weights of Lg1(3, λ1), Lg2(1, λ2), Lg3(1, λ3) and Lg4(1, λ4) is integral.
Hence, this lemma is immediate from Tables 2 and 3. 
Lemma 6.4. The spectrum of the 0-th mode h(0) on V is half-integral. In particular,
σh is an automorphism of V of order 2, and the L(0)-weights of irreducible σh-twisted
V -module V (h) are half-integral.
Proof. Let M be an irreducible U -submodule of V with highest weight λ. Clearly L(0)-
weights ofM are integral. Hence we can apply Lemma 6.3 to M , and obtain (h|λ) ∈ Z/2.
By the definition of h, we have (h|L) ⊂ Z/2, where L is the root lattice of V1. Hence
for any weight µ of M , we have (h|µ) ∈ Z/2 since µ ∈ λ + L. Thus the spectra of h(0)
21
Table 5. Irreducible modules with integral L(0)-weights: Case E6,3G
3
2,1
Highest weight (0, 0, 0, 0) (3Λ1, 0, 0, 0) (Λ4,Λ1, 0, 0)
(3Λ6, 0, 0, 0) (Λ4, 0,Λ1, 0)
(Λ4, 0, 0,Λ1)
lowest L(0)-weight 0 2 2
Highest weight (Λ1 + Λ6,Λ1,Λ1, 0) (Λ2,Λ1,Λ1,Λ1) (Λ1 + Λ3,Λ1,Λ1,Λ1)
(Λ1 + Λ6,Λ1, 0,Λ1) (Λ5 + Λ6,Λ1,Λ1,Λ1)
(Λ1 + Λ6, 0,Λ1,Λ1)
lowest L(0)-weight 2 2 3
on M are half-integral, and so is on V . The last assertion follows from Lemma 3.2 and
(6.1). 
6.4. Identification of the Lie algebra: Case D7,3A3,1G2,1. In this subsection, we
identify the Lie algebra structure of V˜1.
First, we check the assumptions of Section 5 and Theorem 5.4.
Proposition 6.5. The VOA V and the vector h satisfy the assumptions of Section 5 and
Theorem 5.4. In particular, V˜ = V σh ⊕ (V (h))Z is a strongly regular, holomorphic VOA
of central charge 24. In addition, V1 and V˜1 share a common Cartan subalgebra and their
Lie ranks are the same.
Proof. By (6.1), we have 〈h|h〉 = 2 ∈ Z. By Lemma 6.4 the order of σh is 2. By Proposition
2.4, V1 is semisimple. Let us check the remaining assumptions (a)–(d) in Theorem 5.4.
The assumption (a) (resp. (b)) follows from Proposition 2.4 (resp. Lemmas 6.2 and 6.1).
By the definition of h and the level of gi, the assumptions (c) and (d) hold. 
Next, let us determine the Lie algebra structure of (V σh)1.
Proposition 6.6. The set of weights of (V σh)1 for H is given as follows:
{(a, 0, 0, 0) | a ∈ (
5⊕
k=2
Zαk ⊕ Zθ) ∩Π(θ, E6)} ∪ {±(0,Λ2, 0, 0),±(0, 0,Λ2, 0)}
∪ {±(0, α1, 0, 0),±(0, 0, α1, 0)} ∪ {(0, 0, 0, α) | α ∈ Π(θ, G2)}.
Moreover, the Lie algebra structure of (V σh)1 is D5,3A
2
1,1A
2
1,3G2,1U(1) and the dimension
of (V σh)1 is 72, where U(1) means a 1-dimensional abelian Lie algebra.
Proof. One can calculate all the weights of the Lie subalgebra (V σh)1 with respect to H
directly, which determines the Lie algebra structure of (V σh)1.
The weights {±(0, α1, 0, 0)}, {±(0, 0, α1, 0)} are short roots of g2 ⊕ g3 and they form
a root system of type A21, up to scalar. Hence, by Proposition 5.5 (2), the type of the
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corresponding ideal in (V σh)1 is A
2
1,3. Since the other components contain long roots of
V1, one can determine the levels of the corresponding Lie subalgebras by Proposition 5.5
(2). 
Now, we describe some weights of (V (h))1 for H and find a root subsystem of V˜1.
Proposition 6.7. (1) The L(0)-weights of the following four vectors in V (h) are 1:
(6.2) 1, E(0,−Λ2,0,0)(−1)1, E(0,0,−Λ2,0)(−1)1, E(0,−Λ2,0,0)(−1)E(0,0,−Λ2,0)(−1)1.
Moreover, they are root vectors in V˜1 for H and their roots are given by
1
2
(3Λ1 − 3Λ6,Λ2,Λ2, 0), 1
2
(3Λ1 − 3Λ6,−Λ2,Λ2, 0),
1
2
(3Λ1 − 3Λ6,Λ2,−Λ2, 0), 1
2
(3Λ1 − 3Λ6,−Λ2,−Λ2, 0),
(6.3)
respectively.
(2) There exist root vectors in V˜1 for H whose roots are the negatives of the roots given
in (6.3).
Proof. It follows from 〈h|h〉 = 2, h(0)1 = 0 and (3.2) that 1 ∈ (V (h))1. Note that
(h|α) = −1 if α is one of roots (0,−Λ2, 0, 0), (0, 0,−Λ2, 0). By Lemma 3.4, the L(0)-
weights of the four vectors in (6.2) are 1 in (V (h))1. The explicit construction of Lg(k, 0)
([FZ92]) shows that all vectors in (6.2) are non-zero. In addition, it follows from Lemma
3.7 that they are weight vectors for H with desired weights, which shows (1).
Recall from Theorem 5.4 that V˜1 is a semisimple Lie algebra and that H is a Cartan
subalgebra of V˜1. Hence the vectors in (6.2) are root vectors of V˜1. Obviously (2) holds
since the negative of a root is also a root in any root system. 
Proposition 6.8. The set
Ψ =
{
±(0,Λ2, 0, 0),±(0, 0,Λ2, 0), ±1
2
(3Λ1 − 3Λ6, (−1)δΛ2, (−1)εΛ2, 0)
∣∣∣∣ δ, ε ∈ {0, 1}
}
.
consists of roots of V˜1 for H and it forms a root system of type A3. Moreover, the level of
the Lie subalgebra of V˜1 corresponding to Ψ is 1.
Proof. By Propositions 6.6 and 6.7, any element of Ψ is a root of V˜1. One can see that
the rank of Ψ is 3, |Ψ| = 12 and
{(0,Λ2, 0, 0), (0, 0,Λ2, 0), 1
2
(3Λ1 − 3Λ6,−Λ2,−Λ2, 0)}
is a set of simple roots of type A3. Since the level of the Lie subalgebra of type A1
corresponding to {±(0,Λ2, 0, 0)} is 1 (see Proposition 6.6), the level of the Lie subalgebra
corresponding to Ψ is also 1 (see Proposition 5.5). 
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Finally, we identify the Lie algebra structure of V˜1.
Theorem 6.9. Let V be a strongly regular, holomorphic VOA of central charge 24. As-
sume that the Lie algebra structure of V1 is E6,3G
3
2,1. Let V1 =
⊕4
i=1 gi be the decomposi-
tion into the direct sum of 4 simple ideals, where the types of g1, g2, g3 and g4 are E6,3,
G2,1, G2,1, G2,1, respectively. Let h be the vector in a Cartan subalgebra H of V1 given by
h =
1
2
(Λ1 − Λ6,Λ2,Λ2, 0) ∈
4⊕
i=1
(H ∩ gi),
where Λj are the fundamental weights. Then, applying the Z2-orbifold construction to
V and σh, we obtain a strongly regular, holomorphic VOA V˜ of central charge 24 whose
weight 1 subspace V˜1 has a Lie algebra structure D7,3A3,1G2,1.
Proof. By Proposition 6.5, V˜ is a strongly regular, holomorphic VOA of central charge
24 and H is a Cartan subalgebra of V˜ . Note that V˜1 is semisimple (Proposition 2.4) and
that the rank of V˜1 is 12.
By Proposition 6.6, the root system of V˜1 contains a root system of type G2. By
the classification of root systems, it must be an indecomposable component. Hence V˜1
contains a simple ideal of the type G2,1. It follows from Proposition 2.4 that dim V˜1 = 120;
hence we obtain the ratio h∨/k = 4 by Proposition 2.4.
Recall from Propositions 6.6 and 6.8 that V˜1 contains simple Lie subalgebras of type
D5,3 and A3,1 which are spanned by weight vectors for H. By Proposition 5.5 (1), there
exists the simple ideal a (resp. b) of V˜1 at level ka (resp. kb) containing the Lie subalgebra
of type A3,1 (resp. D5,3). By Proposition 5.5 (2), ka (resp. kb) must be 1 (resp. 3), and by
the ratio h∨/k = 4, the dual Coxeter number of a (resp. b) is 4 (resp. 12). In addition,
the root system of a (resp. b) contains A3 (resp. D5) as in Proposition 5.5 (2). Hence
the only possible type of a is A3,1, and possible types of b are E6,3 and D7,3. If the type
of b is E6,3, then the remaining Lie rank is 1, and hence the Lie algebra structure of V˜1 is
E6A3G2A1 but its dimension is 110, which contradicts dim V˜1 = 120. Hence the type of
b is D7,3, and we obtain an ideal of type D7,3A3,1G2,1. Comparing the dimensions of this
ideal and V˜1, we complete the proof. 
7. Holomorphic VOA of central charge 24 with Lie algebra E7,3A5,1
In this section, applying the Z2-orbifold construction to a holomorphic VOA of central
charge 24 with Lie algebra D7,3A3,1G2,1 and certain inner automorphism, we obtain a
holomorphic VOA of central charge 24 with Lie algebra E7,3A5,1.
7.1. Simple affine VOA of type D7,3. Let α1, . . . , α7 be simple roots of type D7 such
that (αi|αj) = −δ|i−j|,1 + 2δi,j, (αi|α7) = −δi,5 and (α7|α7) = 2 for 1 ≤ i, j ≤ 6. Let
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{Λi | 1 ≤ i ≤ 7} be the set of the fundamental weights with respect to {αi | 1 ≤ i ≤ 7}.
Let Lg(3, 0) be the simple affine VOA associated with the simple Lie algebra g of type D7
at level 3. There exist exactly 36 (non-isomorphic) irreducible Lg(3, 0)-modules Lg(3, λ)
with highest weight λ, which are summarized in Table 6.
Table 6. Irreducible Lg(3, 0)-modules: Case D7 (j ∈ {6, 7})
Highest weight 0 Λ1 Λ2 Λ3 Λ4 Λ5
lowest L(0)-weight 0 13/30 4/5 11/10 4/3 3/2
Highest weight Λj 2Λ1 3Λ1 Λ1 + Λ2 Λ1 + Λ3 Λ1 + Λ4
lowest L(0)-weight 91/120 14/15 3/2 13/10 8/5 11/6
Highest weight Λ1 + Λ5 Λ1 + Λj 2Λ1 + Λj Λ1 + 2Λj Λ1 + Λ6 + Λ7 Λ2 + Λj
lowest L(0)-weight 2 49/40 211/120 32/15 21/10 13/8
Highest weight Λ3 + Λj Λ4 + Λj Λ5 + Λj 2Λj 3Λj Λ6 + Λ7
lowest L(0)-weight 47/24 89/40 97/40 49/30 21/8 8/5
Highest weight 2Λ6 + Λ7 Λ6 + 2Λ7
lowest L(0)-weight 307/120 307/120
Later, we will use the following lemma.
Lemma 7.1. Set Λ = (1/2)(Λ6 − Λ7)(= (1/4)(α6 − α7)). Let j ∈ {6, 7}.
(1) For every α ∈ Π(θ,D7), i.e., root α of D7, we have (Λ|α) ≥ −1/2.
(2) Let λ ∈ {Λ3,Λ5,Λ6 + Λ7}. Then for every α ∈ Π(λ,D7), we have (Λ|α) ≥ −1/2.
(3) Let λ ∈ {Λ1 + Λ3,Λ1 + Λ5,Λ1 + Λ6 + Λ7}. Then for every α ∈ Π(λ,D7), we have
(Λ|α) ≥ −1.
(4) For every α ∈ Π(3Λ1, D7), we have (Λ|α) ≥ −3/2.
(5) Let λ ∈ {Λ1 + Λj,Λ4 + Λj , 3Λj,Λ2 + Λj}. Then for every α ∈ Π(λ,D7), we have
(Λ|α) ≥ −3/4.
Proof. One can verify this lemma by using explicit descriptions of the weights of irreducible
g-modules1 (cf. [Ka90]). 
7.2. Simple affine VOA of type A3,1. Let α1, α2, α3 be simple roots of type A3 such
that (αi|αj) = −δ|i−j|,1 + 2δi,j for 1 ≤ i, j ≤ 3. Let {Λi | 1 ≤ i ≤ 3} be the set of the
fundamental weights with respect to {αi | 1 ≤ i ≤ 3}. Let Lg(1, 0) be the simple affine
VOA associated with the simple Lie algebra g of type A3 at level 1. There exist exactly
4 (non-isomorphic) irreducible Lg(1, 0)-modules Lg(1, λ) with highest weight λ, which are
summarized in Table 7.
One can easily verify the following lemma, which will be used later.
1We use a computer algebra package LiE. http://www-math.univ-poitiers.fr/˜maavl/LiE/
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Table 7. Irreducible Lg(1, 0)-modules: Case A3
Highest weight 0 Λ1 Λ2 Λ3
lowest L(0)-weight 0 3/8 1/2 3/8
Lemma 7.2. (1) For every α ∈ Π(θ, A3), i.e., root α of A3, we have (Λ1|α) ≥ −1.
(2) For every α ∈ Π(Λ1, A3), we have (Λ1|α) ≥ −1/4.
(3) For every α ∈ Π(Λ2, A3), we have (Λ1|α) ≥ −1/2.
(4) For every α ∈ Π(Λ3, A3), we have (Λ1|α) ≥ −3/4.
7.3. Inner automorphism of a holomorphic VOA with Lie algebra D7,3A3,1G2,1.
Let V be a strongly regular, holomorphic VOA of central charge 24 with Lie algebra
D7,3A3,1G2,1. Note that such a VOA was constructed in the previous section. Let V1 =⊕3
i=1 gi be the decomposition into the direct sum of 3 simple ideals, where the types
of g1, g2 and g3 are D7,3, A3,1 and G2,1, respectively. Let H be a Cartan subalgebra of
V1. Then gi ∩ H is a Cartan subalgebra of gi. Let U be the subVOA generated by V1.
By Proposition 2.2, U ∼= Lg1(3, 0) ⊗ Lg2(1, 0) ⊗ Lg3(1, 0). Let L(λ1, λ2, λ3) denote the
irreducible U -module Lg1(3, λ1)⊗ Lg2(1, λ2)⊗ Lg3(1, λ3).
Table 8. Irreducible modules with integral L(0)-weights: Case D7,3A3,1G2,1
Highest weight (0, 0, 0) (Λ3,Λ2,Λ1) (Λ1 + Λ6 + Λ7,Λ2,Λ1)
(Λ5,Λ2, 0) (Λ4 + Λj,Λk,Λ1)
(Λ1 + Λ5, 0, 0) (3Λj,Λk, 0)
(3Λ1,Λ2, 0)
(Λ1 + Λj,Λk,Λ1)
(Λ1 + Λ3, 0,Λ1)
(Λ6 + Λ7, 0,Λ1)
(Λ2 + Λj,Λk, 0)
lowest L(0)-weight 0 2 3
Let
h =
1
2
(Λ6 − Λ7, 2Λ1,Λ2) ∈
3⊕
i=1
(gi ∩ H).
Then
〈h|h〉 = 3
4
(Λ6 − Λ7|Λ6 − Λ7)|g1 + (Λ1|Λ1)|g2 +
1
4
(Λ2|Λ2)|g3 = 2.
Lemma 7.3. All the highest weights of irreducible U-modules L(λ1, λ2, λ3) with integral
L(0)-weights are given by Table 8, where k ∈ {1, 3} and j ∈ {6, 7} in the table. In
particular, for any weight (λ1, λ2, λ3) in Table 8, we have (h|(λ1, λ2, λ3)) ∈ Z/2, that is,
the spectrum of h(0) on a highest weight vector in L(λ1, λ2, λ3) is half-integral.
26
Proof. This lemma is immediate from Tables 3, 6 and 7 (cf. the proof of Lemma 6.3). 
Lemma 7.4. The spectrum of the 0-th mode h(0) on V is half-integral. In particular, σh
is an automorphism of V of order 2, and the irreducible σh-twisted V -module V
(h) has
half-integral L(0)-weights.
Proof. One can prove this lemma by the exactly the same way as in Lemma 6.4 if we use
Lemma 7.3 instead of Lemma 6.3. 
7.4. Identification of the Lie algebra: Case E7,3A5,1. In this subsection, we identify
the Lie algebra structure of V˜1.
First, we determine the Lie algebra structure of (V σh)1.
Proposition 7.5. The set of all the weights of (V σh)1 for H is given as follows:
{(α, 0, 0) | α ∈ (
5⊕
k=1
Zαk ⊕ Zθ) ∩ Π(θ,D7)} ∪ {(0, α, 0) | α ∈ Π(θ, A3)}
∪ {±(0, 0, α1),±(0, 0,Λ2)}.
Moreover, the Lie algebra structure of (V σh)1 is D6,3A3,1A1,1A1,3U(1) and dim(V
σh)1 = 88.
Proof. We can find all the weights of (V σh)1 for H ⊂ (V σh)1 from the definition of h, and
we know that the Lie algebra structure of (V σh)1 is D6A3A
2
1U(1).
By the exactly the same arguments as in the proof of Proposition 6.6, we can determine
the levels of the simple ideals of (V σh)1. 
Next, we determine the lowest L(0)-weight of V (h).
Proposition 7.6. The lowest L(0)-weight of the irreducible σh-twisted V -module V
(h) is
1. In particular, (V (h))1/2 = 0.
Proof. By 〈h|h〉 = 2, we have 1 ∈ (V (h))1 by (3.2). Let M ∼= L(λ1, λ2, λ3) be an irre-
ducible U -submodule of V . Let ℓ and ℓ(h) be the lowest L(0)-weights of M and of M (h),
respectively. It suffices to show that ℓ(h) ≥ 1. By (3.7) and 〈h|h〉 = 2, we have
ℓ(h) =
3∑
i=1
(
(λi + 2ρ|λi)
2(ki + h∨)
)
+
3∑
i=1
(min{(hi|λi) | λ ∈ Π(λi, Xi)}) +
3∑
i=1
(
ki(hi|hi)
2
)
= ℓ+
3∑
i=1
(min{(hi|λi) | λ ∈ Π(λi, Xi)}) + 1,
where X1 = D7, X2 = A3 and X3 = G2. By Lemma 7.3, (λ1, λ2, λ3) is one of Table 8,
and one can see that ℓ(h) ≥ 1 by Lemmas 6.2, 7.1 and 7.2. 
Finally, we identify the Lie algebra structure of V˜1.
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Theorem 7.7. Let V be a strongly regular, holomorphic VOA of central charge 24. As-
sume that the Lie algebra structure of V1 is D7,3A3,1G2,1. Let V1 =
⊕3
i=1 gi be the decom-
position into the direct sum of 3 simple ideals, where the types of g1, g2 and g3 are D7,3,
A3,1 and G2,1, respectively. Let h be the vector in a Cartan subalgebra H given by
h =
1
2
(Λ6 − Λ7, 2Λ1,Λ2) ∈
3⊕
i=1
(H ∩ gi),
where Λi are the fundamental weights. Then, applying the Z2-orbifold construction to V
and σh, we obtain a strongly regular, holomorphic VOA V˜ of central charge 24 whose
weight 1 subspace V˜1 has a Lie algebra structure E7,3A5,1.
Proof. By the exactly the same way as in Proposition 6.5, we can apply the Z2-orbifold
construction to V and σh, and we obtain a strongly regular, holomorphic VOA V˜ of
central charge 24. Notice that V˜1 is a semisimple Lie algebra of rank 12. By Proposition
7.5, we have dim(V σh)1 = 88, and by Proposition 7.6, we have (V
(h))1/2 = 0. By Theorem
4.3 (2),
dim V˜1 = 3× dim(V σh)1 − dimV1 + 24 = 168;
hence we obtain the ratio h∨/k = 6 by Proposition 2.4. By Proposition 7.5. V˜1 contains
simple Lie subalgebras of type D6,3 and A3,1 which are spanned by weight vectors for H.
By Proposition 5.5 (1), there exists a simple ideal a (resp. b) of V˜1 at level ka (resp. kb)
containing the Lie subalgebra of type D6,3 (resp. A3,1). By Proposition 5.5 (2), ka (resp.
kb) must be 3 (resp. 1), and by the ratio h
∨/k = 6, the dual Coxeter number of a (resp.
b) is 18 (resp. 6). In addition, the root system of a (resp. b) contains D6 (reps. A3) as
in Proposition 5.5 (2). Hence the possible types of a (resp. b) are E7,3 and D10,3 (resp.
A5,1 and D4,1). Since dim V˜1 = 168 and the dimension of a Lie algebra of type D10 is 190,
the type of a is E7,3. If the type of a is D4,1, then the remaining rank is 1, and hence
the type of V˜1 must be A1D4E7 but its dimension is 164, which is a contradiction. Thus
the type of b is A5,1. Therefore we obtain an ideal of V˜1 of type E7,3A5,1. Comparing the
dimensions of this ideal and V˜1, we complete the proof. 
8. Holomorphic VOA of central charge 24 with Lie algebra A8,3A
2
2,1
In this section, applying the Z2-orbifold construction to a holomorphic VOA of cen-
tral charge 24 with Lie algebra E7,3A5,1 and certain inner automorphism, we obtain a
holomorphic VOA of central charge 24 with Lie algebra A8,3A
2
2,1.
8.1. Simple affine VOA of type E7,3. Let α1, . . . , α7 be simple roots of type E7 such
that (αi|αj) = −δj−i,1 for 3 ≤ i < j ≤ 7, and (αp|αp) = 2, (αp|α1) = −δp,3 and (αp|α2) =
−δp,4 for 1 ≤ p ≤ 7. Let {Λi | 1 ≤ i ≤ 7} be the set of the fundamental weights with
respect to {αi | 1 ≤ i ≤ 7}. Let Lg(3, 0) be the simple affine VOA associated with
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the simple Lie algebra g of type E7 at level 3. There exist exactly 12 (non-isomorphic)
irreducible Lg(3, 0)-modules Lg(3, λ) with highest weight λ, which are summarized in
Table 9.
Table 9. Irreducible Lg(3, 0)-modules: Case E7
Highest weight 0 Λ1 Λ2 Λ3 Λ5 Λ6
lowest L(0)-weight 0 6/7 5/4 12/7 55/28 4/3
Highest weight Λ7 Λ1 + Λ7 Λ2 + Λ7 Λ6 + Λ7 2Λ7 3Λ7
lowest L(0)-weight 19/28 19/12 2 59/28 10/7 9/4
One can easily verify the following lemma, which will be used later.
Lemma 8.1. For every α ∈ Π(θ, E7), i.e., root α of E7, we have (Λ2/2|α) ≥ −1.
8.2. Simple affine VOA of type A5,1. Let α1, α2, . . . , α5 be simple roots of type A5 such
that (αi|αj) = −δ|i−j|,1+2δi,j. Let {Λi | 1 ≤ i ≤ 5} be the set of the fundamental weights
with respect to {αi | 1 ≤ i ≤ 5}. Let Lg(1, 0) be the simple affine VOA associated with
the simple Lie algebra g of type A5 at level 1. There exist exactly 6 (non-isomorphic)
irreducible Lg(1, 0)-modules Lg(1, λ) with highest weight λ, which are summarized in
Table 10.
Table 10. Irreducible Lg(1, 0)-modules: Case A5
Highest weight 0 Λ1 Λ2 Λ3 Λ4 Λ5
lowest L(0)-weight 0 5/12 2/3 3/4 2/3 5/12
One can easily verify the following lemma, which will be used later.
Lemma 8.2. For every α ∈ Π(θ, A5), i.e., root α of A5, (Λ3/2|α) ≥ −1/2.
8.3. Inner automorphism of a holomorphic VOA with Lie algebra E7,3A5,1. Let
V be a strongly regular, holomorphic VOA of central charge 24 with Lie algebra E7,3A5,1.
Note that such a VOA was constructed in the previous section. Let V1 =
⊕2
i=1 gi be
the decomposition into the direct sum of 2 simple ideals, where the types of g1 and g2
are E7,3 and A5,1, respectively. Let H be a Cartan subalgebra of V1. Then gi ∩ H is a
Cartan subalgebra of gi. Let U be the subVOA generated by V1. By Proposition 2.2,
U ∼= Lg1(3, 0) ⊗ Lg2(1, 0). Let L(λ1, λ2) denote the irreducible U -module isomorphic to
Lg1(3, λ1)⊗ Lg2(1, λ2).
Let
h =
1
2
(Λ2,Λ3) ∈
2⊕
i=1
(gi ∩ H).
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Table 11. Irreducible modules with integral L(0)-weights: Case E7,3A5,1
Highest weight (0, 0) (Λ2,Λ3) (3Λ7,Λ3)
(Λ6,Λ2)
(Λ6,Λ4)
(Λ1 + Λ7,Λ1)
(Λ1 + Λ7,Λ5)
(Λ2 + Λ7, 0)
lowest L(0)-weight 0 2 3
Then
〈h|h〉 = 3
4
(Λ2|Λ2)|g1 +
1
4
(Λ3|Λ3)|g2 = 3.
Lemma 8.3. All the highest weights of irreducible U-modules L(λ1, λ2) with integral L(0)-
weights are given by Table 11. In particular, for any weight (λ1, λ2) in Table 11, we have
(h|(λ1, λ2)) ∈ Z/2, that is, the spectrum of h(0) on a highest weight vector in L(λ1, λ2) is
half-integral.
Proof. This lemma is immediate from Tables 9 and 10 (cf. the proof of Lemma 6.3). 
Lemma 8.4. The spectrum of the 0-th mode h(0) on V is half-integral. In particular, σh
is an automorphism of V of order 2, and the irreducible σh-twisted V -module V
(h) has
half-integral L(0)-weights.
Proof. One can prove this lemma by the exactly the same way as in Lemma 6.4 if we use
Lemma 8.3 instead of Lemma 6.3. 
8.4. Identification of the Lie algebra: Case A8,3A
2
2,1. In this subsection, we identify
the Lie algebra structure of V˜1.
Proposition 8.5. The set of all the weights of (V σh)1 for H is given as follows:
{(α, 0) | α ∈ Π(θ, E7), (α|Λ2) ∈ 2Z} ∪ {(0, α) | α ∈ Π(θ, A5), (α|Λ3) ∈ 2Z}.
Moreover, the Lie algebra structure of (V σh)1 is A7,3A
2
2,1U(1) and dim(V
σh)1 = 80.
Proof. We can find all the weights of (V σh)1 for H ⊂ (V σh)1 from the definition of h, and
we can check that the Lie algebra structure of (V σh)1 is A7A
2
2U(1).
Since the type of any simple ideal of V1 is An, the level of a simple ideal of (V
σh)1 is
equal to that of the ideal of V1 containing it by Proposition 5.5 (2). 
Theorem 8.6. Let V be a strongly regular, holomorphic VOA of central charge 24. As-
sume that the Lie algebra structure of V1 is E7,3A5,1. Let V1 =
⊕2
i=1 gi be the decomposi-
tion into the direct sum of 2 simple ideals, where the types of g1 and g2 are E7,3 and A5,1,
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respectively. Let h be the vector in a Cartan subalgebra H of V1 given by
h =
1
2
(Λ2,Λ3) ∈
2⊕
i=1
(H ∩ gi),
where Λi are the fundamental weights. Then applying the Z2-orbifold construction to V
and σh, we obtain a strongly regular, holomorphic VOA V˜ of central charge 24 whose
weight 1 subspace V˜1 has a Lie algebra structure A8,3A
2
2,1.
Proof. By the exactly the same way as in Proposition 6.5, we can apply the Z2-orbifold
construction to V and σh, and we obtain a strongly regular, holomorphic VOA V˜ of
central charge 24. Notice that V˜1 is a semisimple Lie algebra of rank 12. By Proposition
8.5, dim(V σh)1 = 88. By Theorem 4.3 (2), we have
dim V˜1 = 3× dim(V σh)1 − dimV1 + 24× (1− dim(V (h))1/2) = 96− 24× dim(V (h))1/2.
Since dim V˜1 ≥ dim(V σh)1 = 88, we have dim(V (h))1/2 = 0, and dim V˜1 = 96. Note that
the ratio h∨/k is 3 by Proposition 2.4. By Proposition 8.5, V˜1 contains a simple Lie
subalgebra of type A7,3 which is spanned by weight vectors for H.
By Proposition 5.5 (1), there exists a simple ideal a of V˜1 at level k containing the Lie
subalgebra of type A7,3. By Proposition 5.5 (2), k must be 3, and by the ratio h
∨/k = 3,
the dual Coxeter number of a is 9. In addition, the root system of a contains A7 as in
Proposition 5.5 (2). Hence the only possible type of a is A8,3. By Proposition 8.5, V˜1
also contains a Lie subalgebra of type A22,1, which has trivial intersection with a since
the levels are different and A22,1 is spanned by weight vectors for H. Hence V˜1 contains a
Lie subalgebra of type A8,3A
2
2,1. Comparing the dimensions of this subalgebra and V˜1, we
complete this theorem. 
9. Holomorphic VOA of central charge 24 with Lie algebra A5,6C2,3A1,2
In this section, applying the Z2-orbifold construction to a holomorphic VOA of central
charge 24 with Lie algebra C5,3G2,2A1,1 and certain inner automorphism, we obtain a
holomorphic VOA of central charge 24 with Lie algebra A5,6C2,3A1,2.
9.1. Simple affine VOA of type C5,3. Let α1, α2, . . . , α5 be simple roots of type A5
such that (αi|αj) = −δ|i−j|,1/2 + δi,j , 1 ≤ i, j ≤ 4, (αk|α5) = −δk,5 and (α5|α5) = 2. Let
{Λi | 1 ≤ i ≤ 5} be the set of the fundamental weights with respect to {αi | 1 ≤ i ≤ 5}.
Let Lg(3, 0) be the simple affine VOA associated with the simple Lie algebra g of type C5
at level 3. There exist exactly 56 (non-isomorphic) irreducible Lg(3, 0)-modules Lg(3, λ)
with highest weight λ, which are summarized in Table 12.
One can easily verify the following lemma, which will be used later.
Lemma 9.1. For every α ∈ Π(θ, C5), i.e., root α of C5, (Λ5/2|α) ≥ −1/2.
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Table 12. Irreducible Lg(3, 0)-modules: Case C5
Highest weight 0 Λ1 Λ2 Λ3 Λ4 Λ5 Λ
2
1
lowest L(0)-weight 0 11/36 5/9 3/4 8/9 35/36 2/3
Highest weight Λ1Λ2 Λ1Λ3 Λ1Λ4 Λ1Λ5 Λ
2
2 Λ2Λ3 Λ2Λ4
lowest L(0)-weight 11/12 10/9 5/4 4/3 11/9 17/12 14/9
Highest weight Λ2Λ5 Λ
2
3 Λ3Λ4 Λ3Λ5 Λ
2
4 Λ4Λ5 Λ
2
5
lowest L(0)-weight 59/36 5/3 65/36 17/9 2 25/12 20/9
Highest weight Λ31 Λ
2
1Λ2 Λ
2
1Λ3 Λ
2
1Λ4 Λ
2
1Λ5 Λ1Λ
2
2 Λ1Λ2Λ3
lowest L(0)-weight 13/12 4/3 55/36 5/3 7/4 59/36 11/6
Highest weight Λ1Λ2Λ4 Λ1Λ2Λ5 Λ1Λ
2
3 Λ1Λ3Λ4 Λ1Λ3Λ5 Λ1Λ
2
4 Λ1Λ4Λ5
lowest L(0)-weight 71/36 37/18 25/12 20/9 83/36 29/12 5/2
Highest weight Λ1Λ
2
5 Λ
3
2 Λ
2
2Λ3 Λ
2
2Λ4 Λ
2
2Λ5 Λ2Λ
2
3 Λ2Λ3Λ4
lowest L(0)-weight 95/36 2 79/36 7/3 29/12 22/9 31/12
Highest weight Λ2Λ3Λ5 Λ2Λ
2
4 Λ2Λ4Λ5 Λ2Λ
2
5 Λ
3
3 Λ
2
3Λ4 Λ
2
3Λ5
lowest L(0)-weight 8/3 25/9 103/36 3 11/4 26/9 107/36
Highest weight Λ3Λ
2
4 Λ3Λ4Λ5 Λ3Λ
2
5 Λ
3
4 Λ
2
4Λ5 Λ4Λ
2
5 Λ
3
5
lowest L(0)-weight 37/12 19/6 119/36 10/3 41/12 32/9 15/4
9.2. Simple affine VOA of type A1,1. Let α1 be a simple root of type A1 such that
(α1|α1) = 2. Then the fundamental weight is Λ1 = α1/2. Let Lg(1, 0) be the simple affine
VOA associated with the simple Lie algebra g of type A1 at level 1. There exist exactly
2 (non-isomorphic) irreducible Lg(1, 0)-modules Lg(1, λ) with highest weight λ, which are
summarized in Table 13.
Table 13. Irreducible Lg(1, 0)-modules: Case A1
Highest weight 0 Λ1
lowest L(0)-weight 0 1/4
Lemma 9.2. For every α ∈ Π(θ, A1), i.e. root α of A1, we have (Λ1/2|α) ≥ −1/2.
9.3. Inner automorphism of a holomorphic VOA with Lie algebra C5,3G2,2A1,1.
Let V be a strongly regular, holomorphic VOA of central charge 24 with Lie algebra
C5,3G2,2A1,1. In this subsection, we assume the existence of such a VOA, which has not
been confirmed yet. Let V1 =
⊕3
i=1 gi be the decomposition into the direct sum of 3
simple ideals, where the types of g1, g2 and g3 are C5,3, G2,2 and A1,1, respectively. Let
H be a Cartan subalgebra of V1. Then for i = 1, 2, 3, gi ∩ H is a Cartan subalgebra of gi.
Let U be the subVOA generated by V1. Note that U ∼= Lg1(3, 0)⊗ Lg2(2, 0)⊗ Lg3(1, 0).
Let L(λ1, λ2, λ3) denote the irreducible U -module Lg1(3, λ1)⊗ Lg2(2, λ2)⊗ Lg3(1, λ3).
Table 14. Irreducible modules with lowest L(0)-weights in Z≥2: Case C5,3G2,2A1,1
Highest weight (2Λ4, 0, 0) (Λ2 + 2Λ5, 0, 0) (3Λ4,Λ2, 0)
(3Λ2, 0, 0) (Λ2 + Λ3 + Λ5,Λ1, 0) (3Λ5, 0,Λ1)
(2Λ3,Λ1, 0) (2Λ5, 2Λ1, 0) (2Λ4 + Λ5,Λ1,Λ1)
(2Λ1 + Λ4,Λ1, 0) (Λ1 + Λ3 + Λ4, 2Λ1, 0) (2Λ3 + Λ5, 2Λ1,Λ1)
(2Λ2, 2Λ1, 0) (2Λ2 + Λ4,Λ2, 0) (Λ3 + 2Λ4,Λ2,Λ1)
(Λ1 + Λ5,Λ2, 0) (3Λ3, 0,Λ1)
(2Λ1 + Λ2,Λ2, 0) (Λ1 + 2Λ4,Λ1,Λ1)
(2Λ1 + Λ5, 0,Λ1) (2Λ2 + Λ5,Λ1,Λ1)
(Λ2 + Λ3,Λ1,Λ1) (Λ1 + Λ2 + Λ4, 2Λ1,Λ1)
(Λ5, 2Λ1,Λ1) (Λ4 + Λ5,Λ2,Λ1)
(3Λ1,Λ2,Λ1) (Λ1 + 2Λ3,Λ2,Λ1)
lowest L(0)-weight 2 3 4
Let
h =
1
2
(Λ5,Λ2,Λ1) ∈
3⊕
i=1
(gi ∩ H).
Then
〈h|h〉 = 3
4
(Λ5|Λ5)|g1 +
1
2
(Λ2|Λ2)|g2 +
1
4
(Λ1|Λ1)|g3 = 3.
Lemma 9.3. All the highest weights of irreducible U-modules L(λ1, λ2, λ3) whose lowest
L(0)-weights belong to Z≥2 are given by Table 14. In particular, for any weight (λ1, λ2, λ3)
in Table 14, we have (h|(λ1, λ2, λ3)) ∈ Z/2, that is, the spectrum of h(0) on a highest weight
vector in L(λ1, λ2, λ3) is half-integral.
Proof. This lemma is immediate from Tables 4, 12 and 13 (cf. the proof of Lemma 6.3). 
Lemma 9.4. The spectrum of the 0-th mode h(0) on V is half-integral. In particular, σh
is an automorphism of V of order 2, and the irreducible σh-twisted V -module V
(h) has
half-integral L(0)-weights.
Proof. It follows from Vi = Ui (i = 0, 1) that any irreducible U -submodule is isomorphic
to L(λ1, λ2, λ3) for some (λ1, λ2, λ3) in Table 14. One can prove this lemma by the exactly
the same way as in Lemma 6.4 if we use Lemma 9.3 instead of Lemma 6.3. 
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9.4. Identification of the Lie algebra: Case A5,6C2,3A1,2. In this subsection, we
identify the Lie algebra structure of V˜1.
Proposition 9.5. The set of all the weights of (V σh)1 for H is given as follows:
{(α, 0, 0) | α ∈ Π(θ, C5) ∩
4⊕
i=1
Zαi} ∪ {±(0, α1, 0), ±(0,Λ2, 0)}.
Moreover, the Lie algebra structure of (V σh)1 is A4,6A1,6A1,2U(1)
2 and dim(V σh)1 = 32.
Proof. We can find all the weights of (V σh)1 for H ⊂ (V σh)1 from the definition of h, and
we can check that the Lie algebra structure of (V σh)1 is A4A
2
1U(1)
2.
By the same argument as in Proposition 6.6, we see that the level of the Lie subalgebra
of g2 of type A1 with roots {±(0,Λ2, 0)} (resp. {±(0, α1, 0)}) is 2 (resp. 6) and that the
level of the Lie algebra of type A4 is 6. 
Theorem 9.6. Let V be a strongly regular, holomorphic VOA of central charge 24. As-
sume that the Lie algebra structure of V1 is C5,3G2,2A1,1. Let V1 =
⊕3
i=1 gi be the decom-
position into the direct sum of simple ideals, where the types of g1, g2 and g3 are C5,3,
G2,2 and A1,1, respectively. Let h be the vector in a Cartan subalgebra H given by
h =
1
2
(Λ5,Λ2,Λ1) ∈
3⊕
i=1
(H ∩ gi),
where Λi is the fundamental weight. Then applying the Z2-orbifold construction to V and
σh, we obtain a strongly regular, holomorphic VOA V˜ of central charge 24 whose weight
1 subspace V˜1 has the Lie algebra structure A5,6C2,3A1,2.
Proof. By the exactly the same way as in Proposition 6.5, we can apply the Z2-orbifold
construction to V and σh, and we obtain a strongly regular, holomorphic VOA V˜ of
central charge 24. Notice that V˜1 is a semisimple Lie algebra of rank 8. By Proposition
9.5, dim(V σh)1 = 32. By Theorem 4.3 (2), we have
dim V˜1 = 3× dim(V σh)1 − dimV1 + 24× (1− dim(V (h))1/2) = 48− 24× dim(V (h))1/2.
By dim V˜1 ≥ dim(V σh)1 = 32, we have dim(V (h))1/2 = 0, and dim V˜1 = 48; hence the ratio
h∨/k is 1 by Proposition 2.4. By Proposition 9.5, V˜1 contains simple Lie subalgebras of
type A4,6 and A1,2 which are spanned by weight vectors for H.
By Propositions 5.5 (1), there exists a simple ideal a (resp. b) of V˜1 at level ka (resp.
kb) containing the Lie subalgebra of type A4,6 (resp. A1,2).
By Proposition 5.5 (2), ka must be 3 or 6, and by the ratio h
∨/k = 1 the dual Coxeter
number of a is equal to ka. There is no indecomposable root system such that it contains
A4 and its dual Coxeter number is 3. Hence ka = 6 and the dual Coxeter number is 6.
The only possible type of a is A5,6.
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By Proposition 5.5 (2), kb must be 1 or 2, and by the ratio h
∨/k = 1, the dual Coxeter
number of b is equal to kb. There are no indecomposable root system with dual Coxeter
number 1. Hence kb = 2 and the dual Coxeter number of b is 2. The only possible type
of b is A1,2.
Let c be the ideal of V˜1 such that V˜1 = a ⊕ b ⊕ c. Since the type of a ⊕ b is A5,6A1,2,
we have dim c = 10 and the rank of c is 2. By the semisimplicity of c, the only possible
type of c is C2(= B2). In addition, by the ratio h
∨/k = 1, its level is 3. Comparing the
dimensions, we have V˜1 = a⊕ b⊕ c, and the type of V˜1 is A5,6C2,3A1,2. 
10. Holomorphic VOA of central charge 24 with Lie algebra D6,5A
2
1,1
In this section, we will explain how to obtain a holomorphic VOA of central charge
24 with Lie algebra D6,5A
2
1,1 from a holomorphic VOA constructed by applying the Z5-
orbifold construction to the Niemeier lattice VOA VN(A64).
10.1. Holomorphic VOA of central charge 24 with Lie algebra A24,5. Let N be a
Niemeier lattice with root lattice A64. Let (·|·) be the positive-definite symmetric bilinear
form of Q⊗ZN , which will be identified with the normalized Killing form (·|·) on a Cartan
subalgebra of the weight 1 space of the lattice VOA VN . So we use the same notation.
For explicit calculation, we use the standard model for a root lattice of type A4, i.e.,
A4 = {(a1, . . . , a5) ∈ Z5 | a1 + · · ·+ a5 = 0}.
Let {α1 = (1,−1, 0, 0, 0), α2 = (0, 1,−1, 0, 0), α3 = (0, 0, 1,−1, 0), α4 = (0, 0, 0, 1,−1)} be
a set of simple roots. We also use the glue code given in [CS99, Chapter 16], which is the
Z5-code generated by the row vectors of

1 0 1 4 4 1
1 1 0 1 4 4
1 4 1 0 1 4
1 4 4 1 0 1

 .
Let τ0 be the automorphism of N which acts on A
6
4 as a 5-cycle on the last 5 copies of
A4’s. We denote the induced automorphism on VN by the same symbol τ0. For the details
of the lattice VOAs VN , see [Bo86, FLM88].
Let h = C ⊗Z N . We extend the form (·|·) C-bilinearly to h. We also extend the
automorphism τ0 C-linearly to h. Let h(0) be the subspace of fixed-points of τ0 in h. Note
that for r ∈ {±1,±2}, h(0) is also the subspace of fixed-points of τ r0 in h since the order
of τ0 is 5. Define
M = ((1− P0)h) ∩N = {α ∈ N | (α|x) = 0 for all x ∈ h(0)},
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where P0 is the orthogonal projection from N to h(0). Let VN [τ
r
0 ], (r = ±1,±2), be the
unique irreducible τ r0 -twisted VN -module ([DLM00]). Such a module was constructed in
[DL96] (see [SS, Section 2.2] for a review) explicitly; as a vector space,
VN [τ
r
0 ]
∼= M(1)[τ r0 ]⊗ C[P0(N)]⊗ Tr,
where M(1)[τ r0 ] is the “τ
r
0 -twisted” free bosonic space and Tr is the unique irreducible
module of Mˆ/ ̂(1− τ r0 )N with certain condition (see [Le85, Propositions 6.1 and 6.2] and
[DL96, Remark 4.2] for details). It follows from (1 − τ r0 )N = M that dim Tr = 1 for
r ∈ {±1,±2}. By direct calculation, we have
(10.1) P0(N) =
{
1
5
(5a, b, b, b, b, b) | a ∈ A∗4, b ∈ A4
}
.
For r ∈ {1, 2}, set
δ1 =
1
5
(2, 1, 0,−1,−2), δ2 = 1
5
(−1, 2, 0,−2, 1) ∈ Q⊗Z A4, f r = (δr, 0, 0, 0, 0, 0) ∈ h.
Then (f r|f r) = 2/5 for r = 1, 2. Note that 5δ1 is the sum of all fundamental weights of
A4 and δ
2 is a vector in 2δ1+A4 with minimum norm. We regard f
r as a vector in (VN)1
via the canonical injective map h→ h(−1)1 ⊂ (VN)1.
Remark 10.1. We regard N as a lattice in (VN)1 via the injective map above. Then the
bilinear form (·|·) on Q⊗ZN coincides with the restriction of the normalized Killing form
of (VN)1 to Q ⊗Z N . In addition, since the level of any simple ideal of (VN)1 is 1, the
restriction of the normalized invariant from 〈·|·〉 of VN to (VN)1 coincides with (·|·) (see
Lemma 2.1).
Set σf1 = exp(−2π
√−1f 1(0)). It follows from f 1 ∈ N/5 that σf1 is an automorphism
of VN of order 5. It also follows from τ0(f
1) = f 1 that σf1 commutes with τ0. Thus, the
automorphism
g = τ0σf1 ∈ Aut (VN)
has order 5. Since δ2 ∈ 2δ1 + A4, we have f 2 ∈ 2f 1 +N . Hence
(σf1)
2 = σf2 = exp(−2π
√−1f 2(0))
on VN . By Proposition 3.1, we obtain the irreducible g
ǫr-twisted VN -module VN [τ
ǫr
0 ]
(ǫfr)
for ǫ = ±1 and r = 1, 2. For convenience, we fix a non-zero vector tǫr ∈ Tǫr. Then
Tǫr = Ctǫr. By (3.2), we have
(10.2) L(ǫf
r)(0) = L(0) + ǫf r(0) +
|ǫf r|2
2
id.
Note that |εf r|2 = 〈f r|f r〉 = (f r|f r) = 2/5.
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For ǫ ∈ {±1} and r ∈ {1, 2}, we set
Sǫr =
{
a + ǫδr
∣∣∣∣ a ∈ A∗4, |a+ ǫδr|2 = 25
}
.
Lemma 10.2. Set
β1 =
(0,−1,−2, 2, 1)
5
, β2 =
(2, 1, 0,−1,−2)
5
, β3 =
(−1,−2, 2, 1, 0)
5
,
β4 =
(1, 0,−1,−2, 2)
5
, β0 =
(−2, 2, 1, 0,−1)
5
.
Then
S1 = {βi | i = 0, 1, 2, 3, 4}, S2 = {βi + βi+1 | i = 0, 1, 2, 3, 4} ,
S−2 = {βi + βi+1 + βi+2 | i = 0, 1, 2, 3, 4} ,
S−1 = {βi + βi+1 + βi+2 + βi+3 | i = 0, 1, 2, 3, 4} ,
(10.3)
where i + j is interpreted as an integer modulo 5. In particular, for ǫ ∈ {±1} and
r ∈ {1, 2}, we have |Sǫr| = 5.
Proof. Let a ∈ A∗4. It follows from |ǫδr|2 = 2/5 that |a+ ǫδr|2 = 2/5 if and only if
(a|ǫδr) = −1
2
|a|2. By the Schwarz inequality, we also have
|(a|ǫδr)| ≤
√
2
5
|a|.
Thus, (a|ǫδr) = −1
2
|a|2 implies |a| ≤ 2
√
2
5
or |a|2 ≤ 8/5. Therefore, a is a vector with
minimum norm in a coset of A∗4/A4. By direct calculations, it is easy to verify that there
exists a unique a in each coset of A∗4/A4 such that |a+ ǫδr|2 = 2/5. Indeed, we obtain all
vectors in each Sǫr as in (10.3). Hence we have proved this lemma. 
Lemma 10.3. For ǫ ∈ {±1} and r ∈ {1, 2},{
e(a,0,0,0,0,0) ⊗ tǫr
∣∣∣∣ a ∈ A∗4, |a+ ǫf r| = 25
}
is a basis of
(
VN [τ
ǫr
0 ]
(ǫfr)
)
1
. Moreover, the dimension of
(
VN [τ
ǫr
0 ]
(ǫfr)
)
1
is 5.
Proof. Let w ⊗ ex ⊗ tǫr ∈ VN [τ ǫr0 ](ǫfr) (w ∈ M(1)[τ0], x ∈ P0(N)) be a vector whose
L(0)-weight is 1. By [DL96, (6.28)], it is straightforward to show that the L(0)-weight of
tǫr ∈ VN [τ ǫr0 ] is 4/5. Let ℓ be the L(0)-weight of w in M(1)[τ0], which belongs to 13Z≥0.
Then by (10.2), the L(0)-weight of w ⊗ ex ⊗ tǫr in the twisted module VN [τ ǫr0 ](ǫfr) is
ℓ+
|x|2
2
+
4
5
+ ǫ(f r|x) + |f
r|2
2
= ℓ+
|x+ ǫf r|2
2
+
4
5
,
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which is equal to 1 by the assumption. Hence ℓ = 0, and we may assume that w = 1. In
addition, we obtain
(10.4) |x+ ǫf r|2 = 2
5
.
Let a ∈ A∗4, b ∈ A4 such that x = (5a, b, b, b, b, b)/5 ∈ P0(N) (see (10.1)). Then
(10.5) |x+ ǫf r|2 = |a+ ǫδr|2 + |b|
2
5
.
Let us show that |a+ ǫδr|2 ≥ 2
5
for any a ∈ A∗4. Clearly,
|a + ǫδr|2 = |a|2 + |δr|2 + 2ǫ(a|δr).
Since δr ∈ 1
5
A4 and a ∈ A∗4, we have |a|2 ∈ 25Z and (a|δr) ∈ 15Z. Hence |a+ ǫδr|2 ∈ 25Z≥0
as |δr|2 = 2
5
. Moreover, δr /∈ A∗4 and hence a+ ǫδr 6= 0. Thus
(10.6) |a+ ǫδr|2 ≥ 2
5
.
By (10.4), (10.5) and (10.6), we have b = 0 and |a+ ǫδr|2 = 2/5, which proves the former
assertion.
The latter assertion follows from a+ ǫδr ∈ Sǫr and Lemma 10.2. 
Now consider the following V gN -module:
V˜N,g = V
g
N ⊕ (VN [τ0](f
1))Z ⊕ (VN [τ 20 ](f
2))Z ⊕ (VN [τ−20 ](−f
2))Z ⊕ (VN [τ−10 ](−f
1))Z.
Remark 10.4. It is claimed by Mo¨ller Sven that V˜N,g is a strongly regular, holomorphic
VOA of central charge 24 and that it is a simple current extension of V gN graded by Z5.
Proposition 10.5. Suppose that V˜N,g defined as above is a strongly, holomorphic VOA of
central charge 24. Then dim(V˜N,g)1 = 48 and the Lie algebra structure of (V˜N,g)1 is A
2
4,5.
Proof. Recall that h(0) = {(α, β, β, β, β, β) | α, β ∈ C⊗Z A4}. We view h(0) as a subspace
of (V gN)1. First we note that
(V gN)1 = h(0) ⊕ SpanC
{
2∑
r=−2
τ r0
(
e(0,α,0,0,0,0)
) ∣∣∣∣∣ α ∈ A4, (α|α) = 2
}
.
The corresponding Lie algebra structure on (V gN)1 is A4,5U(1)
4 and h(0) is a Cartan sub-
algebra of (V gN)1.
Recall from (3.1) that for any x = (x1, x2, . . . , x6) ∈ h(0) ⊂ (V gN)1, we have
x
(ǫfr)
(0) = x(0) + (x|ǫf r)id
on VN [τ
ǫr
0 ](σ
ǫr
f ). Hence for w ⊗ e(a,0,0,0,0,0) ⊗ tǫr ∈ (VN [τ ǫr0 ](ǫfr))1,
(10.7) x
(ǫfr)
(0) (w ⊗ e(a,0,0,0,0,0) ⊗ tǫr) = (x1|a+ ǫδr)w ⊗ e(a,0,0,0,0,0) ⊗ tǫr.
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Recall also that x(0) = 0 on M(1)[τ0] and on Tǫr by the explicit description of vertex
operators in [Le85, DL96] (cf. [SS]).
Let β0, β1, . . . , β4 be the vectors in Q ⊗Z A4 given in Lemma 10.2. Notice that Sǫr in
Lemma 10.2 is the set of all weights of (VN [τ
ǫr
0 ]
(ǫfr))1 for the Cartan subalgebra h of (V
g
N)1.
It is easy to see that
(βi|βj) =


2/5 if i = j;
−1/5 if |i− j| = 1;
0 otherwise.
Then, up to a scaling, {β1, β2, β3, β4} is a set of simple roots for a root system of A4. By
the descriptions of Sǫr in Lemma 10.2, we see that
{(α, 0, 0, 0, 0, 0) | α ∈ C⊗Z A4} ⊕
⊕
r∈{1,2},ǫ∈{±1}
SpanC{x⊗ e(a,0,0,0,0,0) ⊗ tǫr | a+ ǫδr ∈ Sǫr},
forms a Lie subalgebra of type A4. Notice that {(0, β, β, β, β, β) | β ∈ C ⊗Z A4} is the
orthogonal complement of {(α, 0, 0, 0, 0, 0) | α ∈ C ⊗Z A4} in the Cartan subalgebra h(0)
and that it acts trivially on this Lie subalgebra (see (10.7)). Hence this Lie subalgebra is
an ideal.
In order to determine the level of this ideal, we modify the invariant form as (·|·)0 =
(·|·)/5 on the subspace {(α, 0, 0, 0, 0, 0) | α ∈ C ⊗Z A4} of h(0). Then one can see that
{β˜i = 5βi | 1 ≤ i ≤ 4} is a set of simple roots and that 〈β˜i|β˜i〉 = 5(β˜i|β˜i)0. Hence by
Lemma 2.1, the level is 5. Therefore the Lie algebra structure of (V˜N,g)1 is A
2
4,5. 
Remark 10.6. It was already claimed in [EMS] that the Lie algebra structure of (V˜N,g)1
is A24,5 by using Schellekens’ list.
10.2. Inner automorphism of the holomorphic VOA V˜N,g. In this subsection, we
define an inner automorphism of order 2 on V˜N,g.
Let Λ = 1
5
(α1+2α2+3α3+4α4) =
1
5
(1, 1, 1, 1,−4) ∈ A∗4 and Λ′ = β1+2β2+3β3+4β4 =
(1,−1, 0,−1, 1) ∈ A4. Then (Λ′,Λ,Λ,Λ,Λ,Λ) ∈ N since (0, 1, 1, 1, 1, 1) belongs to the glue
code of N . Set
h =
1
2
(Λ′,Λ,Λ,Λ,Λ,Λ) ∈ N/2.
Then 〈h|h〉 = (h|h) = 2. Since h is fixed by τ0, we have h ∈ h(0) ⊂ (V gN)1 ⊂ (V˜N,g)1. Note
that (h|ǫf r) = 0 for ǫ ∈ {±1}, r ∈ {1, 2}. Now let σh = exp(−2π
√−1h(0)). Then σh also
defines an automorphism in Aut V˜N,g.
Lemma 10.7. On VN and VN [τ
ǫr
0 ]
(ǫfr) (ǫ = ±1, r = 1, 2), Spec h(0) ⊂ Z/2. In particular,
the order of σh is 2 on V˜N,g.
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Proof. Since h ∈ N/2 and N is unimodular, we have Spec h(0) ⊂ Z/2 on VN .
Since (h|ǫf r) = 0 and the vectors ǫf r and h belong to M(1)1 ⊂ VN , we have ǫf r(n)h = 0
for n ≥ 0. Hence ∆(ǫf r, z)h = h, and for w ⊗ ex ⊗ tǫr ∈ VN [τ ǫr0 ](ǫfr),
h
(ǫfr)
(0) (w ⊗ ex ⊗ tǫr) = (h|x)w ⊗ ex ⊗ tǫr,
where w ∈ M(1)[τ ǫr0 ], x = (1/5)(5a, b, b, b, b, b) ∈ P0(N), (a ∈ A∗4, b ∈ A4) and tǫr ∈ Tǫr.
Since Λ′ ∈ A4 and Λ ∈ A∗4, we obtain
(h|x) =
(
h
∣∣∣∣15(5a, b, b, b, b, b)
)
=
(Λ′|a)
2
+
(Λ|b)
2
∈ Z/2,
which completes this lemma. 
10.3. Identification of the Lie algebra: Case D6,5A
2
1,1. In this subsection, we identify
the Lie algebra structure of the weight 1 subspace of the holomorphic VOA V˜ which is
obtained by applying the Z2-orbifold construction to V˜N,g and σh.
Proposition 10.8. Let V˜N,g and σh be defined as above. Then the Lie algebra structure
of
(
(V˜N,g)
σh
)
1
is A23,5U(1)
2 and dim
(
(V˜N,g)
σh
)
1
= 32.
Proof. By the definitions of αi, βi, Λ and Λ
′, it follows immediately that
(αi|Λ) = δi,4 and (βi|Λ′) = δi,4 for i = 1, 2, 3, 4.
Hence, the Lie algebra structure of
(
(V˜N,g)
σh
)
1
is A23U(1)
2. In addition, the level of the
Lie subalgebra of type A23 is 5 by Proposition 5.5 (2). 
Lemma 10.9. The lowest L(0)-weight of the (unique) irreducible σh-twisted V˜N,g-module
(V˜N,g)
(h) is 1.
Proof. By 〈h|h〉 = 2, (3.2), and Lemma 10.7, we know that the L(0)-weights of (V˜N,g)(h)
are half-integral. In addition, we have L(h)(0)1 = 1. In order to prove this lemma,
it suffices to show that the lowest L(0)-weights of both (VN)
(h) and
(
VN [τ
ǫr
0 ]
(ǫfr)
)(h)
are
greater than 1/2 since(
V˜N,g
)(h)
⊂ (VN)(h) ⊕
⊕
ǫ∈{±1},r∈{1,2}
(
VN [τ
ǫr
0 ]
(ǫfr)
)(h)
.
Case (VN)
(h). For a1(−n1) · · ·ai(−ni)⊗ eα ∈ VN , (ni ∈ Z>0, α ∈ N, ai ∈ h), we have
L(h)(0) (a1(−n1) · · ·ai(−ni)⊗ eα)
= (n1 + · · ·+ ni + 1
2
|α + h|2) (a1(−n1) · · · ai(−ni)⊗ eα) .
Hence it suffices to show that |α + h|2 > 1.
Since h ∈ N/2, we have α + h ∈ N/2. Let xi ∈ A∗4 (1 ≤ i ≤ 6) defined by
2(α+ h) = (x1, x2, x3, x4, x5, x6) ∈ N.
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Since Λ
′
2
, Λ
2
/∈ A∗4 and α ∈ N ⊂ (A∗4)6, none of the xi’s is zero and hence
4|(α+ h)|2 =
6∑
i=1
x2i ≥
4
5
× 6 > 4
since the minimal norm of A∗4 is 4/5. Hence, |α + h|2 > 1 as desired.
Case
(
VN [τ
ǫr
0 ]
(ǫfr)
)(h)
. On
(
VN [τ
ǫr
0 ]
(ǫfr)
)(h)
, we have
(L(ǫf
r))(h)(0) = L(h)(0) + ǫf r
(h)
(0) +
|ǫf r|2
2
id
= L(0) + (ǫf r + h)(0) +
|h+ ǫf r|2
2
id.
Let w ⊗ ex ⊗ tǫr ∈
(
VN [τ
ǫr
0 ]
(ǫfr)
)(h)
with L(0)w = ℓw (ℓ ≥ 0). Then
(L(ǫf
r))(h)(0) (w ⊗ ex ⊗ tǫr)
=
(
ℓ+
(x|x)
2
+
4
5
+ (ǫf r + h|x) + |h+ ǫf
r|2
2
)
(w ⊗ ex ⊗ tǫr)
=
(
ℓ+
4
5
+
|h+ ǫf¯ r + x|2
2
)
(w ⊗ ex ⊗ tǫr) .
Thus, the lowest L(0)-weight of
(
VN [τ
ǫr
0 ](σ
ǫr
f )
)(h)
is greater than or equal to 4/5, which
completes this case. 
Theorem 10.10. Let V˜ be the strongly regular, holomorphic VOA of central charge 24
which is obtained by applying the Z2-orbifold construction to V˜N,g and σh. Then the Lie
algebra structure of V˜1 is D6,5A
2
1,1.
Proof. By 〈h|h〉 = 2 and |σh| = 2, we can apply the Z2-orbifold construction to V˜N,g
and σh and obtain a VOA V˜ of central charge 24 (Proposition 5.3). By Lemma 10.9,
V˜ is of CFT-type. Similarly to Theorem 5.4, we can see that V˜ is strongly regular and
holomorphic. By the definition of h, the assumption (d) of Theorem 5.4 holds. Hence by
Theorem 5.4 (3), V˜1 is a semisimple Lie algebra of rank 8. By Theorem 4.3 (2), Proposition
10.8 and Lemma 10.9,
dim V˜1 = 3× dim
(
(V˜N,g)
σh
)
1
− dim(V˜N,g)1 + 24× (1− dim((V˜N,g)(h))1/2) = 72;
hence the ratio h∨/k is 2 by Proposition 2.4. By Proposition 10.8, V˜1 contains two simple
Lie subalgebras of type A3,5 which are spanned by weight vectors for H.
By Proposition 5.5 (1), there exists a simple ideal a of V˜1 at level ka containing (one
of) the Lie subalgebra of type A3,5. By Proposition 5.5 (2), ka is 5, and by Proposition
2.4 the dual Coxeter number of a is 10. Hence the possible types of a are A9,5 and D6,5.
Since dim V˜1 = 72 and the dimension of a simple Lie algebra of type A9 is 99, the type of
a is D6,5.
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Let b be the ideal of V˜1 such that V˜1 = a⊕ b. Then dim b = 6 and the rank of b is 2.
Since b is semisimple, the only possible type of b is A21. By the ratio h
∨/k = 2, the level
of b is 1. Thus the Lie algebra structure of V˜1 is D6,5A
2
1,1. 
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